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Ordinary calibrations

Harvey & Lawson "82

€ An ordinary calibration i$S a differential p-form (U such that

: g, for any
1) Algebraic condition: w|s < +/g|sdo p-dim sobmanifold 3
2) Ditferential condition: dw =0

¥ Calibrated submanifolds: w|s = 1/g|sdo
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Harvey & Lawson "82

& Main property: calibrated cycles are volume minimizing

VOI(E!) :/ g|21 do

algebraic
condition * Z / W

Ef
differential — W
condition —}

zL:::aml

e = [ Volgdo = Vol(Zea)
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Supersymwmetric branes
and calibrations (no fluxes)

& ln absence of fluxes, a static p-brane wrapping Rime x Z  has energy

E(X) = Vol(Y)
& We expect BPS bound for supersymwmetric branes

E(X") > E(Zsusy)

& Explicitly realized by calibrations

* bulk SUSY b 3 »p-calibration W
*braneSUSY =) gusy = Ycal
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* RR sector: E=rNE (locallyF = dgx C)
k even/odd /
g N dg-=-d-+HA
lA 11

& P-brane world-volume field: flux F such that df\= Hlx

| (locally 7 = B|x + dA)
& P-brane energy density:

E(2,F) =e ®y/det(g|s + F)do — Clz A e“’F]

top




How to include (type 11)
String Theory fluxes?

¢ Type ll bulk fields

* NS sector: GAmERANET InmuAl s § (locally H = d B)

* RR sector: E=rNE (locallyF = dgx C)
k even/odd /

g N dg-=-d-+HA
A g

& P-brane world-voluwe field: flux F such that df\= Hlx

| (locally F = B|x + dA)
& D-brane energy density:

E(X,F) :@et gl @— C|g/\e Ene

5[)]31(2 f




How to include (type 11)
String Theory fluxes?

¢ Type ll bulk fields

* NS sector: GAmERANET InmuAl s § (locally H = d B)

* RR sector: E=rNE (locallyF = dgx C)
k even/odd /

g N dg-=-d-+HA
A g

& P-brane world-voluwe field: flux F such that df\= Hlx
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& D-brane energy density:
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Generalized calibrations

Koerber "05; L.M. & Smytiv "05

¢ A generalized calibration is a background polyform

VPR A 7 PR e U T D WP 7)1 B0 B i P

such that: 1) Algebraic:  EpBi(E,F) > [wls Ae”]

—~

2) Ditferential: | dHW:':v,\F;l\)

- v oy

top

, -~ . v
generalized ‘ordinary’ generalized
geowmetry calibrations

Gutowski, Papadopoulos
& Townsend: "99

¥ Calibrated lor BPS) P-branes:  Eppi(E, F) = [w|s Ae”]

top




The stability argumem“

* Main property: calibrated
D-branes are stable!

E(EI, f") > E(E, f)BPS




The stability argumem

* Main property: calibrated
P-branes are stable!

E(E’, .7:’) > E(E, F)BPS

E(Y, F') = /E [EpBi(%, F) + Ewz(S, )]




The stability argumem

* Main property: calibrated
D-branes are stable!

E(E’, .7:’) > E(E, F)BPS

E(Y, F') = /E [EpBi(%, F) + Ewz(S, )]

st —y > [ ol "]~ [ [Clone




The stability argumem

* Main property: calibrated
D-branes are stable!
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The stability arqgument

* Main property: calibrated
D-branes are stable!

E(E’, .7:’) > E(X, F)BPS

EX,F')= [ [fppi(Z,F)+ Ewz(E, F)]
Ef

st —y > [ ol "]~ [ [Clone

dif ferential = [W|EBP5 AEFBPS] _fz [C|EBPS /\EFBPS]
BPS

condition S

P-brane == Y 7 A EE
calibration =) EBPS[EDBI( ;]:)BPS ‘|‘8WZ( ) )BPS] E(E,f)gps

condition
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N=1 vacua and pure spinors

¢ General 4+6 backgrounds:

ds® = eQA(y)g4(:1:) +ge(y) bplis H(y), ®(y) , F(y)

Xy =R
(or AdS,)
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inllA t =1t; +t3 + 5
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N=1 vacua and pure spinors

$ Ordinary Killing spinors: 50(6,6) pure spinors

€1 =(0®m + c.c. tﬁe_(p??l ®77£

e

€eo =(®ny + c.c. Z ~ €3A_CI)T]1 & ng

$ 1 and Z contain complete
information about:

X, =R * NS sector: g6 , ¢ and A
(or AdS, ( H exeluded)

* |nternal spinors: 77 and 7o
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Graa, Minasiowy, Petrini & Tomasiello- 05
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& dH(eZAImt) 0

X dgZ=0
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N=1 vacuva and calibrations

L.M. & Smyth 05

#SUSY conditions

Grania, Minasian, Petring & Tomasiello- 05 FEl

bk

L]
...~
.
3

% dg(e*Ret) 14 F:

s
‘e

& dH(eZAImt) 0
X dygZ=0

\ D-branes

Z defines integrable
generalized CY structure!

They have a natural interpretation in terms
of P-brane generalized calibrations!
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s . . / | |
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N=1 vacuva and calibrations

L.M. & Smyth 05

§ c*“Ret isa generalized <O
I E . // ’}////’H// /
calibration for space-filling o

P-branes 0

space-filling

I
[

& For SUSY (BPS) space-filling
P-branes, internal (X, F) satisfies:

e %/ g|ls + Fdo = [Ret|s A e’ ]iop

* (X, F) is generalized complex submanifold
wrt. 60S 7 defnedby 2

* (X, F) satisfies the ‘speciality’ condition
Im iy A e‘?:]mp =0

(F-flatness)

(P-flatness)




N=1 vacva and callbra’rlons

L.M. & Smyth 05

& BPS lower bound for
P-brane energy

V(%,F)sps < V(X' F')

\

no open-string tachyons!




N=1 vacva and callbraflons

L.M. & Smyth 05

f

& BPS lower bound for 2/BPS
P-brane energy
V(%, -7:)BPS < V(LR
Ll

no open- sfrmg tachyons!

& For space-filling D-branes, it originates in bulk SUSY condition




N=1 vacuva and calibrations

§ e24Imt is a generalized

calibration for P-strings ipize

R4
L~

strings




N=1 vacuva and calibrations

L.M. & Smyth 05

§ e24Imt is a generalized

calibration for D-strings i 1

strings

¢ Re(e” 2) is a generalized
calibration for domain walls

j I
v

dowmain walls




Suwmwarizing

¢ In N=1 compactifications (to flat R*:3) we have

Groiay, Minasiowy, Petring

M. ‘05 Koerber & L.M. 07
&T ollo 05 L.M. & Smytiv

Equation D-brane BPSness 40 SUGRA int.

dg(e**Ret) = e x F gauge BPSness

dg(e**Imt) =0 string BPSness

dgZ =0 DW BPSness

chiral fields: 7 = Ret — iCgrr  (N=2 hyperwult.)
Z  (N=2 veet. mult.)




Pre-GG Example: type l1B warped CY

Graia & Polchinskis "0
Giddings, Kachww & Polchinski 01

& The internal metric is CY, up to warping:

ds? = e24Wlg () + e 2A(Y) gg’Y(y)
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# The internal metric is CY, up to warping:

o e

0
*
0
0

ds? = e24W) g, () _|-;T‘”.6—~2A(y)’§gY (y)




Pre-GG Example: type lIB warped CY

Grana & Polchinski “00;
Giddings, Kachww & Polchinski 01

# The internal metric is CY, up to warping:

Ak

0
*
0
J

ds? = e24W) g, () _|-;:’.6—~2A(y)’§gY (y)

¢ Inthiscase: t=¢2 exp (3 e*QAch) T2 =
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SUSY w(CY and calibrations

¥ Gavge BPSness: O = ,
dm(e* Ret) = e*4 % F e calibrated
= xH = e~ Fj 03 & U7 branes
F5 — *d(&qﬁ_‘lA)

# String BPSness: dJoy =0 calibrated
ds (e*ATmt) = 0 HA Joy =0 03 & V7 branes




SUSY w(CY and calibrations

¥ Gavge BPSness: ot =0 iSrnsina:
dpr(e*'Ret) = ¢4 + F «H = e®Fy 03 & D7 branes

F5 == *d(&qﬁ_‘lA)

# String BPSness: dJoy =0 calibrated

dpr (e Imt) = 0 A T =0 03 & 07 branes

& DW BPSness: dQcy =0 st
dgZ =0 HAQey =0 P9 & D7 branes




Calibrations, SUSY-breaking

and 40 po’fen’aal

Lust, Mawchesano, L.M. & Tsimpis 07
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SUSY breaking?

Grana & Polchingki "00;
Giddings, Kachrw & Polchinski 01

& Pre-GG prototypical example: 11B wCY

% N=1 and N=0 shear the same geometry

ds? = 24W g, (z) + e 2AW) ¢CY (4) with 03/07

and 03/07

% flux induced SUSY-breaking: H%3 £ 0

& Many phenowmenological’ models are  e.g. X5l fetom Lnde s Troedeox
based on these classical vacua | frzeniain

Conlon & Quevedo “05




SY8Y wCY and calibrations

$ Inthiscase: t=e®exp(ie®Joy) . Z=00cv

¥ Gavge BPSness: dr =0 o
dp(e**Ret) = '+ F xH = e Fy 03 & U7 branes

& String BPSness: calibrated
dpr(e**Tmt) = 0 03 & D7 branes

& PW (non)BPSness: aaftheazad
dgZ #0 05 & P branes
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Generalized SUSY-breaking

Equation

P-brane BPSness

40 SUGRA int.

dg(e* Ret) = et x F

gaunge BPSness

(Fz) ~ ()

dg(e*Imt) =0

string BPSness

DW (non)BPSness
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Generalized SUSY-breaking

& In wCY, the PWSB has rather specific form

dgZ =duQcy =HAQcy #0 =) cn;c(l)aval ;'(; i;l)lve

( .

Can we analogously restrict the generalized PWSB?

dgZ ="
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& Take generalized fibration (II, R)
(Pirac structure) X . .
=

dR = H|y

B
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-parameter PWSB

I1
¥ Take generalized fibration (II R)
(Pirac sfrucfure/ :

dR = H|n

spanned by mobile P-branes

¥ Consider PWSPB of the form L >

dgZ =71)m, R)

, ~ e RdVolg
SUSY-breaking parameter

# InwlY case: {fibers IT} = {I?Dts in M} —, (andthusgR =0
spanned by mobile V3 B=M =) dgZ =dyQcy ~rdVolg
5 ~ dVolg

-> dQcy =0 - r ~ HY3



-parameter PWSB

IT
¥ Take generalized fibration (II, R)
(Pirac structure) \ _

dR = H|n

& Consider PWSB of the form

dgZ = 7)1 R)

SUSY-breaking parameter

—
How to check ’rha’r 1 0I7 e.0.W. are sa’ﬂsﬁed"
Which conditions wmust (IL, R) fullfill?




100 e.o.m. from 4D potential

& General configurations of the form

N\l
[ (q Il

2

ds? = e24W gy (x) + g6(y)

plos H [, ® , [F ]
P-branes & orientifolds
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& General configurations of the form
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100 e.o.m. from 40 potential

& General configurations of the form

ds? = e Wgy(z) + g6(v)

plos H [, ® , [F ]
P-branes & orientifolds

& The full set of 100 e.0.m. can be obtained from Fo =%F

V= / dVols e { e=2* [ Rg + %H * —4(d®)* + 8VEA +20(dA)*] — %F 4
M

t X ([ e F - [ e

i€loc. sources

; We need to express the potential
in terms of ¢ and Z




Potential and pure spinors

We found, schematically (see also Cassani '08)

e BPS
V. = VbD.branes — VD—branes

-I-/ [d(e*“Ret) — e*4 * F)?
M

-I—/ [d g (e24Imt))?

M
+ A Z|?
M

- fM 1, du Z)|?
=)




Potential and pure spinors

We found, schematically (see also Cassani '08)

e BPS
V. = VbD.branes — VD—branes 20

_|_/ [dH(e4ARet) T 64A * F]2 2 o
M
+fHM@MMMP >0

T f duZ2 20
M

—f ¢, dn2)? < 0
- (.) <0




Potential and pure spinors

We found, schematically (see also Cassani '08)

mis BPS
V. = VD.branes — D-branes 20 (D-brane BPS bound)

—I—/ [dH(e4ARet)—e4A*F]2 20 (WBPSW)Z ~ \Fz|2
M

+ f [de(e*4Ime)]> 2 () (tring BPSness)”  ~ P2
M

—|—] dgZ]? 20 (DW BPSness)” ~ |Fr|?
M

— { (DW BPSness)” ~ |Fr|?

2
(string + DW BPSness) \D—I—Fﬂz




H

20
AN FI2e
(e*Ret) — e
Lo

2 2()
(e24Imt)]
o

20
R) — Epgr (1L R)]

(1T,

r|Epsr

1,




Potential for 1-param. PWSB
S Vlws ca;’larated/D-bVW

—I—/ [dg(e**Ret) — e x F]2 2 ()
M

+ [ e me? 2 0

+/ r[€pmi(IL, R) — Eprr (ILR)] 2 ()
M
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Potential for 1-param. PWSB

—I—/ [dg(e**Ret) — e x F]2 2 ()
M

string BPSness ((D) =0)

+/M20

+/ r[€pmi(IL, R) — Eprr (ILR)] 2 ()
M




Potential for 1-param. PWSB

—I—/ [dg(e**Ret) — e x F]2 2 ()
M

_|-/ [dH(e2AImt)]2 2 0 dyZ ~ T‘E_RdVOIB

+[ SW
calibrated generalized

fitbrationv  (II, R)
((Fry~r)




Potential for 1-param. PWSB

— BPS
V. = VD.branes — VD branes > 0

—I—/ [dg(e**Ret) — e x F]2 2 ()
M

+ / [dz(e*4Imt)]> 2 () dyZ ~re BdVolg
M

/ Smli’s(mﬂ\m
calibrated generalized

/ fibrationn (I, R)

7 -dependence disappears: GiErrard)
no-scale structure
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Example: SU(3)-structure wn‘h V5/05
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¥ |nthis case: t = —ie el , z = 3420

& Gauge + string BPSness:

H=mn=F=0
dJAJ =0 e24~% = const.

(1 + ix) [Fg s ie_m’d(eq’J)] =0 8P
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Example: SU(3)-structure with 19/09

[cfr. Camowran & Graviaw 07 ]

¥ |nthis case: t = —ie el , z = 3420

& Gauge + string BPSness:

Hr—fi—F=—10

dJAJ =0 g% = comnst.

(1 4 %) [Fg + ie_m’d(eq’J)] =0 ISP

=P dJ #£0 non-Kahler

g VWSB: d(BAQ) = —QEAT (J A\ J)B4

_ _ hon-integrable
¢ Noticethat: d2#0 =p complex structure
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Explicit example on twisted torus

¢ Twisted periodicity in 3" direction: {0, 4% 1%, )

W' v, v’} ~{y' + ky°,v° + 1,94°}

& Metric and fields
dsg = e*4[(dy" — ky’dy®)® + (dy?)’]

, F3=—g; xpae 4 — N(dy' — ky®dy®) A dy? A dy®
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Explicit example on twisted torus

¢ Twisted periodicity in 3" direction: {0, 4% 1%, )

{v'v°,v°} ~{y' + ky°,v° + 1,4°}
| <
& Metric and fields

6
dsg = €*4[(dy" — ky®dy®)? + (dy*)?] + €74 ) (dy®)?
a=3

e? = ge?? , F3=—g, *pae ' — N(dy' — ky’dy®) A dy* A dy®

& SU(3)-structure
J = e2A(dy* — ky®dy®) A dy? + e 2A(dy® A dy* + dy® A dy®)
O = e A[(dy’ — kyPdy®) +idy?] A (dy® + idy?) A (dy® + idy®)




Explicit example on twisted torus

¢ Twisted periodicity in 3" direction: {0, 4% 1%, )

{v'v°,v°} ~{y' + ky°,v° + 1,4°}
| <
& Metric and fields

6
dsg = €*4[(dy" — ky®dy®)? + (dy*)?] + €74 ) (dy®)?
a=3

e? = ge?? , F3=—g, *pae ' — N(dy' — ky’dy®) A dy* A dy®

& SU(3)-structure
J = e2A(dy* — ky®dy®) A dy? + e 2A(dy® A dy* + dy® A dy®)
O = e A[(dy’ — kyPdy®) +idy?] A (dy® + idy?) A (dy® + idy®)

$ PWSB d(e?Q) = —kdy® Ady* AdyP AdyS£0 =P fwis’:intugd PWSB
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¥ Generic type Il flux compactifications are naturally
described by generalized calibrations

& SUSY =) sintegrable GC and calibration structures
* emergent N=1 4D effective structures

¥ W us JEEE in’rggrabm but still calibration structures

* less clear N=1 4P structures




