
Home assignment 5: Factorial rings Commutative Algebra, Misha Verbitsky

Home assignment 5: Factorial rings

Rules: This is a class assignment for the next week. Please solve as many exercises as you can, bring

me what you can before the Wednesday week after. Wednesdays 17:00 we will discuss the solutions in a

monitor session. Exercises with [*] are extra hard and not necessary to follow the rest. Exercises with [!]

are non-trivial, fundamental and necessary for further work.

5.1 Euclidean algorithm

Definition 5.1. We say that R is a Euclidean ring if it admits a function ν :
R\0−→ Z⩾0 satisfying ν(xy) = ν(x)ν(y), such that for any p, q ∈ R where p is not
divisible by q, there exists a relation (“division with remainder”) p = qs + r with
ν(r) < ν(q).

Exercise 5.1. Prove that the ring Z of integers is Euclidean, with ν(x) = |x|.

Exercise 5.2. Prove that the ring k[t] of polynomials over a field k is Euclidean, with
ν(P (t)) = 2degP (t).

Hint. Use division with remainder.

Exercise 5.3 (*). Prove that C[x, y] is not Euclidean.

Exercise 5.4. Prove that the ring Z[
√
−1] ⊂ C of Gaussian integers is Euclidean,

with ν(x) = |x|.

Hint. Approximate a quotient p
q of two Gaussian integers by a Gaussian integer s

such that
∣∣∣pq − s

∣∣∣ ⩽ 2−1/2.

Exercise 5.5. Prove that the ring Z[
√
−2] ⊂ C is Euclidean, with ν(x) = |x|.

Hint. Approximate a quotient p
q of two elements of Z[

√
−2] by s ∈ Z[

√
−2] such that∣∣∣pq − s

∣∣∣ ⩽ √
3
2 .

Exercise 5.6. Prove that the ring Z[
√
−3] is not Euclidean, but the ring Z

[
1+

√
−3

2

]
is.

Exercise 5.7. Prove that the ring Z[
√
5] is not Euclidean.

Exercise 5.8. Let R be a Euclidean ring, and p, q ∈ R. Prove that there exists u ∈ R,
such that p and q are divisible by u, and u = ap+ bq.1

Hint. Use the Euclidean algorithm.

1Such u is called the greatest common divisor.
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5.2 Factorial rings

Definition 5.2. An ideal I ⊂ R is called finitely generated if there is a finite subset
a1, ..., an ∈ I such that any element v ∈ I can be expressed as

∑n
i=1 aibi, for some

bi ∈ R. An ideal I is called principal if I = rR, that is, I is all elements of R divisible
by r ∈ R. Such an ideal is denoted (r). A ring R is called principal ideal ring if all
finitely-generated ideals of R are principal.

Exercise 5.9. Let R be a Euclidean ring, a, b ∈ R, and I an ideal generated by a, b.
Prove that I = (u), where u is the greatest common divisor of a, b.

Exercise 5.10. Prove that any Euclidean ring is a principal ideal ring.

Hint. Use the previous exercise.

Definition 5.3. An element r of a ring R is called prime if the corresponding prin-
cipal ideal (r) is prime.

Definition 5.4. Let a, b ∈ R. If a divides b, we write a|b. If a is divisible by b, we

write a
... b.

Exercise 5.11. Prove that r is prime if and only if for any a, b ∈ R such that ab
... r

one has a
... r or b

... r.

Exercise 5.12. Let R be a Euclidean ring, r ∈ R indivisible element, and a ∈ R not
dividing r. Prove that there exist x, y ∈ R such that ax+ ry = 1.

Exercise 5.13. Let R be a Euclidean ring, and a, b, r ∈ R satisfy ab
... r, where r is

indivisible. Prove that either a
... r or b

... r.

Hint. Use the previous exercise.

Exercise 5.14. Let R be a Euclidean ring, and a = pα1
1 ...pαn

n be a decomposition
of a ∈ R onto a product of primes. Prove that this decomposition is unique up to
invertible factors and permutation of pi.

Definition 5.5. A ring with this property is called “unique factorization ring”, or
“factorial ring”.

Exercise 5.15. Prove that any principal ideal ring is factorial.

Issued 20.04.2026 – 2 – Handouts version 1.0, 20.04.2026


