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Dedekind rings

DEFINITION: Let R be a ring without zero divisors. Assume that all ideals
I C R are invertible as fractional ideals. Then R is called a Dedekind ring,
of a Dedekind domain.

EXAMPLE: A principal ideal ring R without zero divisors is clearly
Dedekind. Indeed, all its ideals are free R-modules, hence projective, hence
invertible (Lecture 14).

LEMMA: Let p C R be an ideal over a ring. Assume that p is free as an
R-module. Then it is principal.

Proof: Let eq,...,en,... be the generators of p freely generating p. Then
R = &®,;R- -¢e;. However, ejexp € R-e; N R ey, Which is impossible because
R-etNR-ep=0. =m
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Dedekind rings and discrete valuation rings

Proposition 4: Let m be a maximal ideal of a Dedekind ring R, and Ry its
localization. Then Ry, is a discrete valuation ring.

Proof: Every ideal of Ry is a localization of an ideal from R; localization
of a projective module is projective, hence every ideal of Ry IS projective. A
projective module over a local ring is free. Therefore, Ry iS a principal ideal
rng. m

COROLLARY: A Dedekind ring R has Krull dimension 1.

Proof: Indeed, any localization of R in a maximal ideal has only two prime
ideals. m
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Dedekind rings are Noetherian and integrally closed

LEMMA: Let R be a ring without zero divisors, & the set of maximal ideals
p C R, and Ry the localization of R in p. Then (,cg Rp = R.

Proof. Step 1: Let z € e Bp and let I C R be the set of all y € R such
that yr € R. We are going to prove that I = R, which implies that x € R.

Step 2: Arguing ad absurdum, suppose that I C R. Then there exists a
maximal ideal m D I, such that for all a € m, we have ax ¢ R. Since x € Rn,
we have ax € R for some a ¢ m, a contradiction. m

THEOREM: Any Dedekind ring R is Noetherian and integrally closed.

Proof. Step 1: Any invertible ideal is fractional, hence finitely generated,
hence R is Noetherian.

Step 2: Let G be the set of prime ideals p C R, and Ry is a localization of
R in p. Then Ry is DVR (Proposition 4). For any z € k(R) finite over R,
we have x € Rp for all p € G, because Ry is integrally closed. Then

r € (yes Rp = R by the previous lemma. =
4
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Noetherian integrally closed rings are Dedekind

THEOREM: Any Noetherian integrally closed ring R of Krull dimension
1 is Dedekind.

Proof. Step 1: Let I C R be an ideal. If II~1 C R, there exists an a prime
ideal p ¢ R containing I7-1. The localization of I in p is a principal ideal,
generated by = € R, because the localization of R in p is DVR. Let b; be the
generators of I. Then b; = 3:2—2 where s; ¢ p.

Step 2: Let s :=[[s;. Then sz—1 € I~1, which gives s € II71. This is a
contradiction, because s; ¢ p. =

REMARK: Converse is also true: a Dedekind ring is Noetherian (because
all ideals are invertible, hence finitely generated) and has Krull dimension 1,
pbecause its localization in a prime ideal is always a DVR, and the localization
does not change the Krull dimension.

DEFINITION: Let [K : Q] be a finite extensions. Then K is called an
algebraic number field. The integral closure of Z in K is called the ring of
integers, denoted O.

COROLLARY: Thering of integers in an algebraic number field is Dedekind.

Proof: It has the same algebraic dimension as 7Z, because finite extensions
do not change the Krull dimension. m
5
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Product of prime ideals in a Dedekind ring

Theorem 1: Let R be a ring without zero divisors which is not a field. Then
the following are equivalent.

(i) R is Dedekind.

(ii) R is Noetherian, and each localization of R at a prime ideal is DVR.

(iii) Every non-zero ideal of R is a product of maximal ideals.

Proof. Step 1: (i) implies (ii) by Proposition 4, and (ii) implies (i) because
R = Nyes Rp, hence (ii) implies that R is integrally closed.

Step 2: To deduce (iii) from (i), take any ideal I C R. If I is maximal, we
are done. If I is not maximal, let m be a maximal ideal strictly containing I.
Since m m = R and I DO m, the product J = m~1I ¢ R is an ideal. Then
I =mJ, and J 2 I. Repeating this procedure, we obtain an increasing chain
of ideals

I C ml_ll C ml_lmgll C ...

1 1

which terminates because R is Noetherian. Then my .mo 1T =mis max-

imal, giving I = mjmo...mym.

ms

Step 3: Let Rp be a localization of R in p. Then every non-zero ideal of
Ry is a product of non-zero maximal ideals, hence the maximal ideal of Ry is
principal, and Ry is DVR. We proved that (iii) implies (ii). =
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Factorial Dedekind rings

COROLLARY: A Dedekind ring R is factorial if and only if all ideals
In R are principal.

Proof. Step 1: Principal ideal ring is factorial if it is also Noetherian, because
INn @ Noetherian ring every element can be represented as a product of
irreducible ones.

Step 2: Conversely, let R be a factorial Dedekind ring, p C R a prime ideal,
and a € p a non-zero element. Then p contains an irreducible factor t of a.
Since R is factorial, the ideal (t) is prime. Since R has Krull dimension 1, the
chain O C p C () has length 2, unless p = (¢t). Since every ideal is a product
of maximal ideals, every ideal in R is principal. m
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Chinese remainder theorem

DEFINITION: Ideals P4, ..., P, C R are called pairwise coprime, or comax-
imal, if P, 4 Pj = R whenever ¢ # j.

CLAIM: If P,QQ C R are coprime ideals, PQ = PN Q.

Proof: If t ¢ PNQ, and P+ Q@ =1, we havezcz(P+ Q) € PQ+ QP C PQ,
which implies PN Q C PQ .=

PROPOSITION: Let Py, ..., P, be comaximal ideals in a ring R. Then
N; P, = P1P>...P,. Moreover, Then the natural map vy : ﬂRP- > @; R/P; is
an isomorphsim. Z

Proof. Step 1: Let us prove CRT for n = 2. Since P, P, are coprime, we
have PN P, = P;P>. The map x : PlﬁPQ » R/P1 ® R/ P> is clearly injective.
It is surjective, because 1 = py1 + po, wWhere p1 € P1,po € P>. This implies
1 — p1 € P>, which gives x(1 —p1) = (1,0) and, similarly, x(1 —p>) = (0,1).
Then x(a(l — p1) + (1 — p3)) = (a,b), where (a,b) are classes of (a,b) € R?

modulo (Pl, PQ).

3
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Chinese remainder theorem (2)

Step 2: We prove CRT using induction in n. By induction assumption,

[ioi B = Niop B and iy = @iy B/P

We start by showing that the ideals H?:_ll P;, and P, are comaximal. Indeed,
one has

n—1 n—1 n—1
1=]]F+Py)e ]] B+Pu= () P+ Pn
1=1 1 =1 1 =1

Therefore, 1‘[?;11 P, = ﬂ?z_ll P; and P, are comaximal, and P, H?:_ll P, = P, N
21 Pi= Pa M2 B = iy P

. R _— R ~n—1 . n—1 p :
Step 3: Por Vol E T b Di=i R/P; because P, and ;=1 F; are comaximal. m
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Maximal ideals in Krull dimension 0O

LEMMA: Let m be a maximal ideal in a ring R without zero divisors. Then
R/m™ is local.

Proof: Let x € R be an element which does not belong to the maximal ideal,
and y € R an element such that xy =1 mod m. Let w be the image of xy—1
in R/m"”. Then w"T1 =0, which implies (1 —w)(1 +w+ w? + ... + w") = 1.
Therefore, (1 — w) is invertible in R/m™ Then z-y(1 —w) = 1, hence x is
invertible. =

Corollary 1: Let m C R be a maximal ideal, and Ry its localization. Then
Rm/mn = R/mn. N

10



Commutative Algebra, lecture 16 M. Verbitsky

Ideals in a Dedekind ring are generated by two elements

THEOREM: Let R be a Dedekind ring, and I C R an ideal. Then for any
ideal J D I, there exists b € R such that J =1+ (b). Moreover, I can be
generated by two elements of R.

Proof. Step 1: Let p;, non-zero prime ideals, and I = []; pf‘z Since R has Krull
dimension 1, the ideals pq, po,..., are pairwise comaximal. Since p;’ = p; ONE
can never have p} C p;. This implies that the ideals pf‘” are also pairwise
comaximal.

Step 2: Chinese Remainder Theorem implies that R/I = @il%' By Corollary
1, each of the factors % is a quotient of DVR, hence any ideal in % and

in R/I is principal. This implies that J = I + (b).

Step 3: If a € I is non-zero, we apply Step 2 to the ideals (a) C I, and find
that I = (a) + (b). =
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Uniqueness of the prime ideal decomposition in a Dedekind ring

THEOREM: Let R be a Dedekind ring, I C R an ideal, p; non-zero prime
ideals, and I =1TJ; pf‘i its prime decomposition. Then this decomposition is
unique, up to renumbering the prime factors.

Proof: Let [ = Hj qu be another such decomposition. If there is a common

factor, say, p, between p;, and gq;, we can replace I by Ip—l, and have two
non-equivalent decompositions with less factors. Repeating this procedure,

we obtain that I =[], p?i = II; qu. However, the ideals qf‘i and qjj are pairwise
comaximal, which implies (by Step 2 of the proof of CRT given above) that
I =Tl;p; NI, qu = [Lp; " I1; qu = 2, which is impossible by Krull theorem. m
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Dedekind rings: equivalent conditions

THEOREM: Let R be a ring without zero divisors. Then the following
are equivalent:
(i) R is Dedekind (that is, all ideals are invertible as fractional ideals).
(ii) R is Noetherian and any localization of R in a prime ideal is DVR
(iii) Every non-zero ideal in R is equal to a product of maximal ideals
(iv) R is integrally closed, Noetherian ring of Krull dimension 1
(v) Every ideal in R is projective as an R-module.

Proof. Step 1: The equivalence (v) = (i) is clear because finitely generated
projective fractional ideals are the same as invertible (Lecture 14). The
implication (i) = (ii) is also clear because invertibility of the ideal implies that
it is finitely generated projective, after passing to the localization, all finitely
generated projective modules are free, hence the localization is a principal
ideal ring, therefore DVR. The implicationsequivalences (ii) < (i) < (iii) and
the equivalence (iv) < (ii) were proven earlier today. m
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