Teoria Ergédica Diferenciavel, assignment 6: Regular measures Misha Verbitsky

Teoria Ergdédica Diferenciavel, assignment 6: Regular
measures

Rules: This is a class assignment for September 27. Please try to write the solutions in class at September
27 and give them to your monitor Ermerson Rocha Araujo. No-one is penalized for failing to write the

solutions, but being good at assignments would simplify getting good grades at your exams.

Definition 6.1. Let M be a locally compact topological space. Borel algebra
is a o-algebra S of subsets of M generated by compact subsets. Borel measure
is a measure on (M, S).

Exercise 6.1. Topological space M is called o-compact if any closed subset can
be obtained as a countable union of compact subsets. Prove that for such M the
Borel g-algebra S is generated by open sets.

Further on, we shall always assume that the topological space M is Hausdorff
and o-compact.

Definition 6.2. Let C be the set of compact subsets of M. A function A :
C —RCis

a. Monotone, if A\(A) < A\(B) for A C B

b. Additive, if A(A]] B) = A(A) + \(B)

c. Semiadditive, if \(AU B) < A(A) + A(B)
In this case A is called volume function.

Definition 6.3. Let A\ be a volume on M. For any S C M, define inner measure
A« (S) := sup A(C'), where supremum is taken over all compact C' C S, and outer
C

measure \*(S) := iI(}f A«(U), where infimum is taken over all open U D S.

Exercise 6.2. Prove that for any open subset U C M, one has \.(U) = A*(U).

Exercise 6.3. Prove that Lebesgue measure defines a volume on M = R", and
in this situation \*(C) = A(C) for any compact subset C' C M.

Exercise 6.4. Let U,V C M be open subsets, and C C U UV a compact subset.
Prove that there exist compact subsets Cyy C U, Cy C V, such that Cy UCy = C.
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Hint. Prove that any two non-intersecting compact subsets of a Hausdorff topo-
logical space have non-intersecting open neighbourhoods. Use this to find non-
intersecting open neighbourhoods U; D C\V and V; D C\U. Take Cy := C\Uyj,
Cy:=C \Vl cU.

Exercise 6.5. Let M be a topological space equipped with the volume A : C — R>Y,
and U,V C M open subsets. Prove that \,(UUV) < A\ (U) + A(V)

Hint. Use the previous exercise.

Exercise 6.6. Prove that \* is semiadditive, that is, satisfies \*(|J 4;) < >_; A*(4s)
for any finite collection of subsets A; C M.

Hint. Use the previous exercise.

Exercise 6.7. Prove that \* is countably semiadditive, that is, satisfies \*(|J 4;) <
> A*(A;) for any countable collection of subsets A; C M.

Hint. Reduce everything to the case \(U;2, Ui) < > A*(U;), where U; are open.
For any compact C C |JU;, it is covered by only finite set of U;. Use this to prove
that

A* (U UZ-> <lIm N (U, U U, U ..U,).
i=1

Exercise 6.8. Let U C M be open, C' compact, and D C U\C compact.

a. Prove that A*(C NU) < A (U\D) = sup A\(E), where supremum is taken
over all compacts E C U\D.

Hint. U\D is a neighbourhood of CNU.

b. Prove that

A (U\C)+X*(UNC) = sup A(D)+ X (UNC) < sup M(E)+ (D) = sup A(DUE) < X*(U)
D D,E D,E

Hint. D and F are compact, non-intersecting subsets of U.

Exercise 6.9. Let U C M be open, C compact. Prove that
X(U) = (U\C)+ X (UnCQC).

Hint. Use the previous exercise.
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Definition 6.4. Let A be a volume on M. A subset A C M is called A\*-
measurable, or Caratheodory measurable, if

A (B) =A"(B\A) + (BN A)
for any subset B C M.
Exercise 6.10. Suppose that

A(U) =N (U\A) + \"(UN A) (6.1)
for any open subset U C M. Prove that A is A*-measurable.

Hint. By definition, \*(B) = inf A*(V'), where infimum is taken over all open
neighbourhoods V' O B. Then (6.1) implies

\*(B) :ir‘}f (V) = ir‘}f <)\*(V\A) +A(V'n A)>
SN (VA\A)+ X (VN A) = A(B\A) + X" (BNA).
Converse inequality follows from semiadditivity.
Exercise 6.11. Prove that all compact sets are A*-measurable.
Hint. Use Exercise 6.9.

Exercise 6.12. Prove that intersection, union, complement of A*-measurable sets
is A*-measurable.

Hint. For any non-intersecting X, Y, the equality \*(X [[Y) = A*(X) + A*(Y)
implies \*(X [[Y) = A (X\A4) + A*(X N A) + X*(Y\A) + \*(Y N A) for any \*-
measurable set A.

Exercise 6.13. Let A = [[°, A; be a countable union of non-intersecting \*-
measurable sets. Suppose that for any X with \*(X) < oo, we have limy A*(X N
[1:2 5 Ai) = 0. Prove that A is A*-measurable.

Hint. Prove that

N-1 [e%e) N—1
A (ANX) = \* (X nI] AZ-) +A* (X n ] Ai) , and M (X\A) <\ (X\ (H Ai>> ,
i=1

i=1 =N

and deduce

(AN X) + M (X\A) < A (X) + \* (X N ﬁ Ai> .
i=N
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Exercise 6.14. Let X be A*-measurable, and \*(X N A) < oo, where A =
[1;2, 4; is a countable union of non-intersecting A*-measurable sets. Prove that
limy A*(X N2y Ai) =0.

Hint. Replacing X by X N A4 and A; by A; N X, we can assume that X = A and
A*(X) < oo. Let U; D A; be open neighbouhoods satisfying A*(U;) < A*(4;) + €.
Prove that A*(U;\4;) < s¢. Find a compact K in |J; U; such that A\*(A) =
A(K) — ¢, and find N such that K c Y, Ui. Prove

N N N
M (A) = MK) —e <\ < U,-) <Y ON(A) + X (UNA) DN (A) + e
i=1 i=1 i=1

Using \*(A) = SN N (A) + X (122 4i), show that A* ([, Ai) < 2e.

Exercise 6.15. Prove that a countable union of A*-measurable sets can be rep-
resented as a countable union of non-intersecting A*-measurable sets.

Exercise 6.16. a. Prove that a countable union of A\*-measurable sets is A*-
measurable.

Hint. Replace |J A; by a union of non-intersecting \*-measurable sets and
apply exercises 6.13 and 6.14.

b. Prove that any Borel set is A*-measurable.

c. Prove that \* defines a measure on the o-algebra of Borel sets.

Exercise 6.17. Let A\(K) be a Lebesque measure of a compact K C R™. Prove
that Lebesgue measurable subset of R™ is Caratheodory measurable, and the
Lebesque measure is equal to \*.

Definition 6.5. Radon measure. or regular measure on a locally compact
topological space M is a Borel measure p which satisfies the following assumptions.

1. p is finite on all compact sets.

2. For any Borel set E, one has u(E) = inf u(U), where infimum is taken over
all open U containing FE.

3. For any open set F, one has u(F) = sup pu(K), where infimum is taken over
all compact K contained in E.

Remark 6.1. We have just proved that Lebesgue measure is regular.
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