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C-symplectic structures (reminder)

DEFINITION: Let M be a smooth 4n-dimensional manifold. A closed
complex-valued form € on M is called C-symplectic if Q*t1 =0 and Q"AQ"
IS @ non-degenerate volume form.

THEOREM: Let Q € A2(M,C) be a C-symplectic form, and Tg' (M) be
equal to ker €2, where

kerQ:={veTM®C | Qiv=0}.

Then ToH (M) & TS (M) = TM ®gC, hence the sub-bundle To ' (M) defines
an almost complex structure I on M. If, in addition, €2 is closed, Ig IS
integrable, and 2 is holomorphically symplectic on (M, o).

Proof: Rank of 2 is 2n because Q711 = 0 and Re 2 is non-degenerate. Then
ker Qdker 2 = TeM. The relation [Tg’l(M),Tgoz’l(M)] C Tg’l(M) follows from
Theorem 1, Lecture 6. =
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Holomorphically symplectic Teichmuller space (reminder)

DEFINITION: Let CSymp be the space of all C-symplectic forms on a
manifold M, equipped with the C'°°-topology, and Diffg the connected com-
ponent of the group of diffeomorphisms. The holomorphically symplectic
Teichmiiller space CTeich is the quotient %f?;p.

REMARK: Recall that the mapping class group of a manifold M is the

group I := %f];ro of connected components of Diff(M).

REMARK: The quotient CTeich /T" is identified with the set of all holo-
morphically symplectic structures on M up to isomorphism.
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Period map for holomorphically symplectic manifolds (reminder)

DEFINITION: Let (M,1,92) be a holomorphically symplectic manifold, and
CSymp the space of all C-symplectic forms. The quotient CTeich := CS%{‘)D
is called the holomorphically symplectic Teichmuller space, and the map
CTeich — H?2(M,C) taking (M, I,) to the cohomology class [Q] € H2(M,C)

the holomorphically symplectic period map.

THEOREM: (Local Torelli theorem, due to Bogomolov)
Let (M,1,Q2) be a complex, Kahler, holomorphically symplectic surface with
H91(M) =0, that is, a K3 surface. Consider the period map

Per : CTeich —s H?(M,C)

taking (M,I,Q) to the cohomology class [Q2] € H?(M,C). Then Per is a
local diffeomorpism of CTeich to the period space

QZZ{’UEHQ(M,(C) | /M’U/\’U=O,/Mv/\6>0}.

Proof: Surjectivity: later today. Injectivity: lecture 7. m
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dd°-lemma (reminder)

THEOREM: Let n be a form on a compact Kahler manifold, satisfying one
of the following conditions.

(1). n is an exact (p,q)-form. (2). n is d-exact, d°-closed.

(3). n is 0-exact, O-closed.

Then n € imdd® = im 0.

Proof: Notice immediately that in all three cases n is closed and orthogonal
to the kernel of A, hence its cohomology class vanishes. Indeed, ker A is
orthogonal to the image of 8,0 and d. Since n is exact, it lies in the image of
A. Operator Ga := A1 is defined on im A = ker A+ and commutes with
d, d°.

In case (1), n is d-exact, and I(n) = (/=1 )P 9y is d-closed, hence n is d-
exact, dclosed like in (2). Then n = da, where a := Gad*n. Since G and
d* commute with d¢, the form « is d°-closed; since it belongsto i mA =imGa,
it is d°-exact, a = d“B which gives n = dd“s.

In case (3), we have n = da, where a := GaA0*n. Since G and 9* commute
with 0, the form « is 0-closed; since it belongs to im A, it is 0-exact, a = 983
which gives n = 003. =
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Deformation of C-symplectic structures

Let €2 be a holomorphically symplectic form on a complex surface, and u &
ALL 4+ AO2 Then Q 4+ w is C-symplectic if and only if du = 0 and
(Q+n2=nAn—u’?AQ=0 (¥

where n = ubl. Denote by Ao : APY(M) — APY4—2(M) the operator of
convolution with the (2,0)-bivector dual to €; it is inverse to Lo, where
Lo(z) = z A Q2. The equation (*) is equivalent to Aqg(n An) = —u%2.

Then du = 0O is equivalent to

on =0, O(Aa(nAn)) =0, on=09(NAa(nAn)).

The second equation is automatic, because A commutes with 9, since
the bivector dual to 2 is holomorphic, and dn An = 0 because it is a 5-form.
We proved the following theorem.

THEOREM: Let 2 be a holomorphically symplectic form on a complex
surface, and u € AL FA02) et n:=ubl. Then Q4+ v is C-symplectic if
and only if 9n =0, u2° = Aa(nAn), and dn = u?0. =

6
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Recursive solutions of Maurer-Cartan equation

REMARK: The equation dn = 0(Aa(n A n)) (“symplectic Maurer-Cartan
equation”) is a form of Maurer-Cartan equation known in deformation the-
ory. We will solve it in the same way as the usual Maurer-Cartan:
recursively.

DEFINITION: Let n; € ALL(M), i = 0,1,... be (1,1)-forms on a holomor-
phic symplectic surface. We say that {#;} is a recursive solution of the
symplectic Maurer-Cartan equation, if

(i) the series Y, n;t' converges absolutely for |t| < ¢

(ii) n; are 0-closed and 9d-exact for ¢ > 0.

(i) Onn = Xi4j=n—19(Na(n; An;)) for all n.
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From recursive solutions to solutions

PROPOSITION: Let {n;} be a recursive solution of the symplectic Maurer-
Cartan equation, and [t| < e. Consider the cohomology class [ng] € Hé’l(M) =
HLY(M) (here we identify the Dolbeault cohomology and the Hodge
cohomology of M). Let n:= Y;nt*. Then Q, ;= Q+ 17— Aq(nAn) is
C-symplectic, for t sufficiently small, and cohomologous to [Q2 + 1 —
Lg_zl(no Ano)l, where Lo is the multiplication by €2 acting on cohomology.

Proof. Step 1: Since Aq commutes with 8, we have

INg(nAn) =2Nq(0nAn) =0,

because OnAn is a (2,3)-form. Also, On = 0, because all n; are 6-closed. Then

d(2) = 0 —INq(nAn) = t" (8nn — >, 9(Nq(m A 77j)> = 0.
n 1+j=n—1
Step 2: Since Q% = -QANa(nAnD)+nAnand QA ANa(nAn)) =nAn, we
have Q% = 0. For n sufficiently small, €2, /\ﬁ77 IS non-degenerate, because
€2 AN §2 is non-degenerate. Therefore, 2, is C-symplectic. It remains only
to express the cohomology class of €, through [no] € Hy'' (M).

3
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From recursive solutions to solutions (2)

PROPOSITION: Let {n;} be a recursive solution of the symplectic Maurer-
Cartan equation as above, and n = Ziniti- Then 2, .= Q4+ n—-NAao(nAn)
Is C-symplectic, for t sufficiently small, and cohomologous to [©2 4 ng —
Lil(no Ano)], where Lo is the multiplication by €2 acting on cohomology.

Step 1-2: €2, is C-symplectic.

Step 3: The (1,2)-form d(Aq(n An)) = 8(Aa(n An) = 0n is H-exact and
0-exact, hence it is 80-exact. Therefore, there exists a (0,1)-form o such
that 0(Aq(n An)) = 00a. Then, the (0,2)-form B8 = Aqg(n An) — Oa is
closed. We obtain that all Hodge components of €2, — da are closed: indeed,
d(2, — da) = 0 and the form (2, — da)®? = B is & and 9-closed. Therefore,
the cohomology class [€2y] is equal to the sum of the Dolbeault classes of €2,
nt1 and 8 (this form is antiholomorphic). The de Rham cohomology class
of n — Oa is equal to its Dolbeault class [ng], and the de Rham cohomology
class [B] = const - [Q2] of B is uniquely determined from

0 = [€2,]% = ([Q] + [no] + [8])2 = [n0]? + 2[Q] A [8].
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From recursive solutions to deformations

PROPOSITION: Let {n;} be a recursive solution of the symplectic Maurer-
Cartan equation, and [t| < e. Consider the cohomology class [ng] € Hé’l(M) =
HLY(M) (here we identify the Dolbeault cohomology and the Hodge
cohomology of M). Let n:= Y;nt’. Then Q, ;= Q+1n— Aq(nAn) is
C-symplectic, for t sufficiently small, and cohomologous to [Q2 + 1 —
Lg_zl(no A no)l, where Lo is the multiplication by €2 acting on cohomology.

Therefore, the local surjectivity of the period map is implied by the following

THEOREM: Let (M,2) be a compact holomorphic symplectic surface, and
no € ALI(M) a closed (1,1)-form. Then there exists a recursive solution
{n;} ¢ AL1(M) of the symplectic Maurer-Cartan equation.

Proof: Later today.

10



K3 surfaces, lecture 9 M. Verbitsky

Holomorphically symplectic Schouten bracket

DEFINITION: Let a,b € A*1 be (x,1)-forms on a holomorphically symplectic
manifold (M, <2), and

{a,b} :=8(anb) —8(a) Ab— (—=1)*La Ads(b),

where § = [0, \q]. We call {-,-} the holomorphically symplectic Schouten
bracket.

REMARK: For (1,1)-forms, {a,b} := 90(Aq(aAb) — Aq(d(a AD)).
REMARK: Clearly, the Schouten bracket is graded commutative:

{a,b} — (—=1)3{p a} = 0.

THEOREM 1: The holomorphically symplectic Schouten bracket satisfies
the odd graded Jacobi identity

{a,{b,c}} = {{a,b},c} + (~1) @ DDy £4 e}y,

Proof: Lecture 9 (next Monday). =
11
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T he third commutator

Whenever a bracket {-, -} is supercommutative and satisfies the graded Jacobi
identity, the third commutator of a vector with itself vanishes.

COROLLARY: For any v € A%, one has {v, {v,v}} = 0.

Proof: If v is odd, {v,v} = O because the Schouten bracket is graded com-
mutative. If v is even, the odd graded Jacobi identity gives

{Ua {U7 U}} — {{Uv ’U}, U} o {Ua {’U, U}}a
hence 2{v,{v,v}} = {{v,v},v} = —{v, {v,v}}, implying 3{v,{v,v}} =0. =

12
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Solving the symplectic Maurer-Cartan equation

THEOREM: Let (M,) be a compact holomorphic symplectic surface, and
no € ALL(M) a closed (1,1)-form. Then there exists a recursive solution
{n;} ¢ ALL(M) of the symplectic Maurer-Cartan equation

o=  Aninj}
i+j=n—1
Proof. Step 1: Suppose that ng,...,n,_1 € AbL(M) are already found, and
satisfy mp, = >4 j=k—11m> 1}, On; =0 for all k= 0,...,n — 1. For any d-closed
a,b e N51(M), we have
0{a,b} = 0{a,b} = 90(Aq(a Ab) = —0(Aq(da A D) + (—1)%(Aq(a A Bb),

because & commutes with A and anticommutes with 8. Taking a = n, b = 7,
k,l < n we obtain

3{nk,nz}={ > {m,nj}am}-k{nk, > {771:777]'}}-

i+j=k—1 itj=1—1

13
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Solving the symplectic Maurer-Cartan equation (2)

THEOREM: Let (M,2) be a compact holomorphic symplectic surface, and
no € ANL1(M) a closed (1,1)-form. Then there exists a recursive solu-
tion {n; € ALL(M)} of the symplectic Maurer-Cartan equation 0n, =

> it j=n—11"iM;}-

Proof. Step 1: 0{ng,n} ={ > {m,nj},m} + {nk, ) {771'7773'}}-

i+j=k-1 i+j=I-1

Step 2: Let 0, .= Z?’:_é t'n;. Then Theorem 1 implies that

n-1

M{On, 00y =S > t" T {my,m} = le > tp+q+r<{{np,nq},nr} +

M=0 k+I=m m=0 p+qg+r=m-1

+ (s {0 nr}}) — {0, {0, On}} + {160, 0u, 60} = O
This gives 0 (Zz’—|—j=n—1{ni>77j}) = 0.

Step 3: Since > Amiymjt = >, ONq(n; Anj) is O-closed and 9-exact,
1+7=n—1 1+7j=n—1
this form is 90-exact: 008 = > ;4 i—p_1{m,n;}. Take nn := 9; this form is
0-exact and satisfies the equation dn, = >°;4 j—,_1{m;,n;}- It remains to
make sure that the power series ) ° ,t'n; converges for ¢ sufficiently
small.
14
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Solving the symplectic Maurer-Cartan equation (3)

Step 4: We will use the operator GAd™ to invert 9; this was justified earlier
using the Hodge theory. This allows us to take n, = GAE*(ZZ-_I_jzn_l{m,nj}).
It remains to check the convergence of the power series ) 2 ,t'n;, for
Ino| sufficiently small. We supply the space A*(M) with a Hilbert norm L2
associated with the integral of sum of first r derivatives. Since A is elliptic, its
inverse G A is diagonal with bounded eigenvalues. Using the same arguments,
it is possible to show that the operator GA9 8 has bounded operator norm.

Step 5: Applying the Cauchy-Schwarz inequality to deduce |a A b| < A|al|b|,
we obtain

|77n‘ —

Gpd” ( > {m,nj}> SAC Y nillngl

1+7j=n—1 1+7j=n—1
where C' is the operator norm of GAE*& Iterating this estimate, we obtain
mn| < C™Splnol™, where Sy, is the n-th Catalan number (the number of ways
of putting n brackets into a sum of n 4+ 1 terms). Catalan numbers can be
expressed as S, = n!(fb"j_!l)! < 2", which gives |n,| < C™"2"™ng|™. Then the
series > t'|n;| converges absolutely for some ¢t > 0. m
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