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The Gromov product (reminder)

DEFINITION: Let p € X be a point in a metric space. The Gromov
product (a,b)p is defined (a,b)p := 1/2(|ap| + |bp| — |abl). It measures for
how long the geodesics from p to a and b stay together.

REMARK: The distance function can be recovered from (a,b);,. Indeed,
(a’a a)p — |a’p|! hence |CLb| — (a’7 a)p _I_ (b7 b)p R 2(&, b)p

It is possible to define the distance in terms of the Gromov product.

DEFINITION: Let X be a set, and p € X. We say that the function (-,-)p :
X x X — R>V satisfies the axiom of Gromov product if the following
conditions are satisfied:

[It is symmetric:] (a,b)p = (b,a)p.
[Non-degenerate:] (a,a)p = (a,b)p = (b,b)p < a=0b.
[ Triangle inequality for Gromov product:] (a,b)p=4 (b,c)p < (a,c)p+ (b, b)p.

CLAIM: Let (a,b), is a function X x X — RZ0 which satisfies the axioms of

the Gromov product. Then d(a,b) = (a,a)p + (b,b)p — 2(a,b)p Is @ metric

on X. Without the non-degeneracy, this formula defines a pseudometric. m
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The Gromov inequality (reminder)

DEFINITION: Let (X,p) be a metric space with a marked point, and a, b, c €
X. The Gromov inequality, or the )-Gromov inequality is the inequality
between the pairwise Gromov products,

(CL, b)p > min [(CL, C)p7 (ba C)p] — 0.

REMARK: The Gromov inequality is equivalent to the condition

max(|bp| + |ac| — [cp| — |abl, lap| 4 |bc| — |ep| — |ab]) = —0.

P

REMARK 2: The 0-Gromov inequality is (a,b)p = min((a,c)p, (b,c)p); this
means that two smallest numbers in the triple (a,b)yp, (a,c)p, (b,c)p are
equal.

THEOREM: Suppose that (X,p) satisfies the §~-Gromov inequality. Then
for any t € X, the space (X,t) satisfies the 26-Gromov inequality.
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A O-hyperbolic space approximating a metric space

PROPOSITION: Let (X,p) be a metric space with a marked point. For
any set S = {z = zg, %1, ..., Tn, Tnt1 = Yy} C X, let Lg(z,y) := min;(z;, x;41)p-
Define the function (ar;,y)g9 = supg Lg(x,y), where the supremum is taken
over all z1,...,zn € X. Let d'(z,y) = d(z,p) + d(y,p) — Q(x,y);. Then:

(1) d(z,y) > d'(z,y) >0

(2) (ac,y)fp satisfies the 0-Gromov inequality: for any triple a,b,c, two of
the numbers (a,b);, (a,c);, (b,c);, are equal, and the third is smaller.

(3) d’' is a pseudo-metric.

Proof. Step 1: (1) is clear. To prove (2), take the chain which connects a
to b, and another which connects b to ¢. The union of these chains connects
a to c. Therefore, (a,c);,, which is the supremum of min;(z;,z;41)p for all
chains connecting a to ¢, is > (a,b); or > (b,c)),.

It remains to prove the triangle inequality for the function d'(z,y) =
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A O-hyperbolic space approximating a metric space (2)

Step 1: It remains to prove the triangle inequality for Gromov product,

(a,b)p + (b, )y < (a,0)p + (0,0 (%)

Step 2: 0-Gromov inequality for (-, -)59 (Remark 2), applied to the triple a,a, b,
implies (a,b);, < (b,b)},; similarly, (c,b); < (b,0)s.

Step 3: In the triple (a, b)), (g, c)), (b, c);, two numbers are equal, and the third
is > than these two (Remark 2). If (a,c);, = (b,c);, or (a,c), = (a,b);, then
(*) follows from (a,b); < (b,b);, or (b,c);, < (b,b);, (Step 2). If (a,c);, is the
biggest of the three, (a,c)), > (b,c);, = (a,b);,, then (a,b);, < (b,b); (Step 2),
bringing

(a,eY 4 (b, b)) > (0, Y+ (a,b), > (a,b), + (b,c),. m
REMARK: For any z € X, we have (z,z)p, = (z,z);,, because (z,y)p <

(x,x)p, hence the supremum in (a:,ac)g, .= supg min;(x;, x;4-1)p is reached when
we take one term (z,x)p.
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The approximation tree

DEFINITION: Let X’ be the Gromov 0O-hyperbolic metric space, obtained
from the pseudometric (X,d") gluing all pairs =,y with d'(z,y) = 0. Consider
a tree X with the set of vertices X'/, obtained as follows. For any z € X,
we connect x to p by an interval of length (a:,m);, and glue the intervals [a, p]
and [b,p] in a smaller interval of length (a, b);, starting at p. It is called the
approximation tree for X.

CLAIM: For any z,y € X' C X4, the Gromov product of z and y in X,
is equal to (z,y)), and and the tautological map (X,d) — X' C X;, is
1-Lipschitz.

Proof. Step 1: X, is a tree by construction; its Gromov product is equal to
(z,y),, because the Gromov product in a tree is a distance from p to [z,y].
Therefore, the image of X in Xy, is isometric to (X’,d). =
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Multi-Gromov inequality
We denote the minimum of x,y,z,... ERaszcAyAzA ...,

PROPOSITION 2: Suppose that a metric space X satisfies the following
“multi-Gromov inequality’ : for any chain of points x1,..., zn,

(z,9)p = (z,21)p A (@1, 22)p A oo A (@0, y)p — 6 ()

Let (X', d") be the space of vertices of its approximation tree. Then the
tautological map (X,d) = (X’,d") has codiameter < 2§

Proof: Since (z, y)g9 = SUPgy,...2,(Z, 21)p A (21, 22)p A . A (Zn,y)p, (F) implies
(z,9)p = (z,9)p = (z,y), — &'. By definition, d'(z,y) = —2(z,y), + 1/2|zp| +
1/2|ypl and d(z,y) = —2(z,y)p + 1/2]|zp| + 1/2|yp|. Then (z,y); > (z,y)p =
(x, y)p — ¢ gives d'(z,y) + 28 > d(z,y) > d'(z,y). =
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Multi-Gromov inequality for -Gromov hyperbolic spaces

PROPOSITION: Let (X,p) be a finite metric space satisfying the §-gromov
inequality which has 2 4+ 1 points. Then X satisfies the multi-Gromov
inequality for §' = k9.

Proof: Suppose that for some numbers a,b,c,a1,b1,¢c1 Wwe have a > bAc—9
and a1 > by ANcy —9o6. ThenaANhay >2bAcAbi ANecp — 9.

Step 2: Taking a Gromov hyperbolic space which has 5 points * = xg,y = 1
and T1/4>T1/25 T3 /4 and applying Step 1 to their pairwise Gromov products,
we obtain that

(3707551)29 (5507371/2)19/\ (371/27371)}9 >
> (20, 21/4)p N (2174, 1/2)p N (%12, 23/4)p N (2374, T1)p —
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Multi-Gromov inequality for §-Gromov hyperbolic spaces (2)

PROPOSITION: Let (X, p) be a finite metric space satisfying the §-gromov
inequality which has 2k 4+ 1 points. Then X satisfies the multi-Gromov
inequality for & = ké.

Step 3: We prove the multi-Gromov inequality using induction in n. Suppose
that we have 2"—1_1 points numbered by dyadic rationals 2n =1, 0 <a< 2"—1,
and suppose (induction assumption)

(xo,x1)p = (a;o,:r;l/Qn 1)p/\(x1/2n 1, T jon— 1)p/\.. /\<$2n 1 1,:r;1> —(n—1)6. (xx*)
on—1 p

Applying the inequality [z _m » T 41 = <w2m,$2m+1> A\ ($2m+1,332m_|_2) — 9
on—1" S5p77 D 2M 2N/ p oM 2/ p

to each term and substituting it into (**), we obtain

(10.00)p > (20,210 )p A (o1 et Dp Ao (21 1) = (= 136>
on—1 D

2 (20,1 jon)p N (@1 jon, T3 jon)p A . A (xggnl,x]_) — nd.
p
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