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Groups with relators of length at most 3

DEFINITION: Let I be a group presented by the set S = {s1, sfl, ey Sm, sgl},
with relation set R = {W1, W5, ..., W} given by reduced words in elements of
S. The words W; are called the relators of I". In this case we write ' = (S|R).

REMARK: I' = F,/lg, where 'y C F, is a subgroup generated by xWix_l
for all x € Iy,.

DEFINITION: We are interested in groups with relators of length 3, that
is, with all relators having form W; = w;ujug, where u;, uj,u; € S. In this

situation, we will always add W, ' = u; 'u;1u; ! to the set of relators.

J
REMARK: Loops in the Cayley graph of I' are relations of form z; x;,...x;\, =
1. If every relation in I has form zW,z~1, with |W;| = 3, this means that
every loop can be cut onto triangles with side 1,1,1.
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Area of a contractible loop

DEFINITION: Let ' = (S|R) be a group with relators of length at most 3.
Area of a loop in the Cayley graph of I is the minimal number of triangles,
obtained if we cut this loop on triangles.

REMARK: A loop of length n starting in x in the Cayley graph is a rela-
tion of form atiz lztox=l..at,x—1, where t; € S. Then the area of this
loop is the smallest number of length 3 relators Wy, ...,W. such that
wtie tatorl atre ™t = ayWial t..aWya; ! in the free group generated by S.

THEOREM: Let I = (S|R) be a group with relators of length at most 3, and
W a computable function such that every loop of length n has area < W(n).
Then the word problem is solvable in [.
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Word solvable groups

THEOREM: Let I = (S|R) be a group with relators of length at most 3, and
W a computable function such that every loop of length n has area < W(n).
Then the word problem is solvable in .

Proof. Step 1: Let the loop v = z;;z;,...x;,, be cut onto triangles wg p, ¢y
..., with each triange w .. having sides a;, b;, c; € S starting at the vertex (i)

in the Cayley graph; in other words, z;, z;,...z;, = II; w;igi)cz Denote W;}l by
h;, this is the element connecting a triangle to the next one. Either the loop
v goes ahead from one triangle and back by the track in opposite direction,
or the triangles are adjacent and h; has length < 2. Let now L, := Hle hy.
be a path connecting 1 and ;. Using induction, we denote by g, a loop
gk_lLkwakbkcklel. This is a loop in the Cayley graph of ' obtained by gluing
the triangles from the 1-st up to k-th.

Step 2: The loop T Tjo--- Ty, CAN be obtained by going aroung the triangles

N
w‘p@ successively. This gives relation x; x;,..z;, = gy In Fg.

a;b;c;
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Word solvable groups (2)

Step 3: To prove that the word problem is solvable, we need to be able to
write an algorithm able to represent any word z;, z;,...x;, which is equal to 1

in [ as a product of relators Ty Tjn-- Ty = H,L ;bgzc Consider all sequences of
1 1

form g; = Llwa1b1c1L1 , g2 = 91L2wa2b202L2 ) e N = gN—lLNwaNchNL]_\flv
where N < W(n). There are finitely many such sequences, because on each
step we take finitely many choices: choose a triangle w .. and the word h;
Vi, 1 of length < 2. Therefore, to recover all possible relations xz;, z;,...z;

I1; w? () , we need to take only (2d + d’)W(N) comparisons, where d = |S| and

a;b;c;

d=|W|. =
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Word problem in hyperbolic groups

THEOREM: Let I’ be a Gromov hyperbolic group. Then the word problem
in [ is solvable.

Proof. Step 1: Choose a presentation ' = (S|R) with all relators of length
3. Suppose that the Cayley graph of " is Rips d-hyperbolic. It would suffice
to show that the area of a path with perimeter P obtaned from N
geodesic segments is bounded by const NP + const’ N. In this case the word
problem is solvable (Porposition 1). The inequality bounding the area of a
loop by a polynomial on its perimeter is called the isomerimetric inequality.

Step 2: Let C be the maximal area of a geodesic triangle with all sides
< d. The number of such triangles is finite, hence C' is finite.

Step 3: Let A be a geodesic triangle in the Cayley graph of I with perimeter
P. We say that A is é-degenerate if it belongs to a J-neighbourhood of one
of its sides. the area of a degenerate triangle is bounded by C(&‘lPW.
Indeed, A can be cut onto [6§~1P] triangles with side < 6.
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Word problem in hyperbolic groups: the isoperimetric inequality

Step 4: i-hyperbolicity implies that any geodesic triangle can be cut onto 2
d-degenerate triangles and one triangle with 3 sides <.

)\
Therefore, the area of a triangle is < C[6~ 1P+ C < €5~ 1P+ 2C, where
P is its perimeter.

Step 5: Let v be a path of length P in the Cayley graph obtained from N
geodesic segments, and ~' the path with (%1 geodesic segments, obtained
from ~ by replacing every successive union of odd and even segments by a
geodesic. Then

Area(y) — Area(v) < C[6 L [Per(y) — Per(7)]] + 2C 6L Per(y")] <
<20 [g] + 51 Per(y)

which implies Area(y) < 2C5 1N Per(y) +2CN. m
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