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The Bochner-Weitzenb6ck formula for Spin“~-manifolds (reminder)

THEOREM: Let M be a Riemannian manifold with Spin¢structure, S the
bundle of Spin¢spinors, B : S — S the rough Laplacian, w the curvature
of the corresponding complex line bundle, Sc the multiplication by the scalar
curvature, and D : S — S the Dirac operator. Then D? = B + Sc+o(w),
where o(w) denotes the Clifford multiplication by w € A2(M).

Proof. Step 1: The computation is local, hence we can assume that
S = So® L, where L is a line bundle, and Sp the spinors. We represent a
section of S by s ® u, where s € Sg, and u € L. Then

D?(s®@u) = D?(8) @ u—+ o(s @ V2(u)) + 20(D(s) @ V(u)),
where o denotes the Clifford multiplication A*(M) ® Sg — So.
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The Bochner-Weitzenb8ck formula for Spin“~-manifolds (2): reminder

Step 2: The term o(s ® V2(w)) is equal to o(w)(s) + s @ B(w). Indeed, it is
equal to the Clifford product sg - Zi’j Zl?iCUijiv$j'U,, but

1
Z a:ia:jva;ivxju = Z Vz;Vzu+ > ;(Cﬂzaﬁ] + xjxi)(vmivxj + invzcj)’LH‘
0] i i

1
= o(w)(u) + Z V. Veu=o(w)(u) +HB(u).
i
This takes care of the term related to the second derivative of u. It

remains only to show that D?(s) ® u 4+ o(D(s) ® V(u)) — Sc is the sum of all
terms of B(s ® u) which involve first and second derivatives of s.

Step 3: From the Bochner-Weitzenbdck formula, we obtain D2(s) ® u =
P (s)®u+Sc. On the other hand, the term o(D(s5)®V (u)) is expressed through
the Clifford multiplication as 3-; #;Vz,(s)®3 x;Vz;(u). Using 2,V (s)z;Va;(u) =
—2;Va;(8)x;Vz;(u) when i 7 j, we obtain

o(D(s) ® V(u)) = Z Vi;(s) ® Vi, (u)

and this gives the part of B(s ® u) which is of order 1 in s and u. =
3
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Spin¢-structure on 4-manifolds (reminder)

1
REMARK: Clearly, SU(Z?/)QXS = U(2). This gives a pair of natural homomor-

SU(2)xSU(2)xS1
RLEPRXE  U(2).

phisms Spin¢(4) =

DEFINITION: The complex spinor representations S—I— and S_ are rep-
resentation of Spin¢ obtained from these two homomorphisms and the fun-
damental representation of U(2).

REMARK: Suppose that M is almost complex. Then SL &S = /\*’O(M)®L,
where L is a line bundle. The bundle S, is identified with L® L ® A20(M)
and S; with LoALO(M). Clifford multiplication flips the sign: TM ®S1 — S+.

DEFINITION: The sesquilinear quadratic form ¢ : S; — AT (M) is defined
as follows. Let o0 : &4 ® AT (M) — S4 denote the Clifford multiplication
map. Dualizing, we obtain a map & : Sy ® S — AT(M). We define

q(¥) == G (, ).
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Clifford multiplication in R4: explicit calculations

Let e, e3, e3,e4 be the orthonormal basis in V = R%, and wq := ej Aeo+e3Aea,
wo i=e1Nez—eoAeq, wz = e1 Aeq~+esAes the corresponding basis in AT (V).
Consider the complex structure I(e;) = ep, I(e3) = e4. We identify S = C?
with the fundamental representation of U(2) as above.

CLAIM: In these conventions, the Clifford multiplication Cl(w;) acts on
Sy as

i) = (5 9m) e = (% §) it = (00 YY) @

Proof: By definition, Cl(w;) act the same way as the matrices 21,2J,2K €
su(2) = s0(3) = u(1l,H), act on the fundamental representation of U(2),
identified with C2 = S4. The matrices (*) are (up to a factor of 2) standard
generators of su(2). m

CLAIM: Let ¢ = (a,b) € S be a spinor. Then
() = (Ja|* — |b|)w1 + 2Im(ab)wz + 2 Re(ab)ws.  (+*)

a la|?2  ab

Proof: Clearly, ¥ @ " = (b) X <a B) acts on &4 as (ab |b|2> . Substituting

the expressions for Cl(w;), we obtain (**). m
5
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Quadratic form q: basic properties

CLAIM: Let ¢ € S4 be a spinoron a V = R* and wv the result of Clifford
multiplication by a tensor w € A2V. Then (wi,v) = (w,q(v)), where (-,-)
denotes the scalar product.

Proof: By definition of ¢, the scalar product of ¢(z) with A € A2M is equal
to (CI(A)z, 7). =

CLAIM: In these assumptions, (q(v),q(v)) = ||%.

Proof: ¢ — (q(¥),q()) is U(2)-invariant positive function on C? = S,
satisfying (g(A\y), (M) = [IM*(q(¥), ¢()). It is not hard to see that such a
function is unique up to a scalar multiplier. The constant can be computed
explicitly using the previous slide (but we don't care). m
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The Seiberg-Witten equations (reminder)

DEFINITION: Consider a Spin¢-structure on a compact orientable 4-manifold
associated with a complex line bundle L, and let A denote the connection in
L. Consider a spinor ¢ € &4. Let FA" € /\+(M) denote the +4-part of the
curvature of A, and D4 the Dirac operator. The pair (A,+) satisfies the
Seiberg-Witten equations if D4(¢y) = 0 and FA" = q(v).

Theorem 1: The space M of solutions of SW-equations up to the natural
U(1)-action vp — Ay Is compact. It is smooth and orientable for general
A when b3 (M) > 0. When b3 (M) > 0, the diffeomorphism type of M is
independent from the choice of A and the metric on the manifold (as
long as A remains generic). Finally,

cl(L)2 — T
4 )

dim M = by (M) — 1 — b3 (M) +
where 7 .= bé" — b5 is the signature of M.

Proof: We will slowly approach the proof in the next lectures.

REMARK: Compactness is spectacular and holds only for SW-equations.
T he rest of observations are straightforward and hold in some form for many
other moduli spaces of geometric origin.

7
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The Seiberg-Witten equations: an a priori estimate

PROPOSITION: Let (A,v) be a solution of SW-equations, ¢» 2 0. Then
|¢!2 < maxys(— Sc), where Sc denotes the scalar curvature.

Proof. Step 1: D =Py + Sc —|—a(FA) The —-part of Fy4 acts trivially on
S4, hence 0 = DA(w) + Scy + a(FA ). Takmg the scalar product with

&, we obtain —(® 49, %) = Sc |2 + (o(F{ )y, ). The last term is equal to

g(YINFT
Vol .

Step 2: Slnce Ff = q(@), we have q(¢) A Ff = |FF[2. Then —(B4v,¢) =
Scly|2 4+ |Ff|2. Let € M be the point where |¢| reaches its maximum. At
this point,

('DA¢ %0) — Trzg(vxzv%w ¢> —

Since [¢|? is maximal at z, we have A|¢|2 O Therefore (F.)A¢ ) >0 at
Z.

Step 3: The equation in Step 1, evaluated at x, gives 0 > —(B v, v) =
Sc||? 4 |F 2. On the other hand, |F{ |2 = |q(¢ ¢)|2 9|4, “hence at z we
have |¢|* < —Sc|¢|?, giving the estimate |y|2(xz) = maxy, [¢¥]|2 < —Sc(z) <

maXyr — SC [
8
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More universal bounds

REMARK: For the sequel, another formula for dim M is more appropriate;
it is equivalent to the one given above:

c1(L)? — T
4

where 7 is the signature of M and y its Euler characteristic.
EXERCISE: Prove that these two numbers are equal.

dim M = by (M) — 1 — b3 (M) +

= 2 (e1(1)% — 2x - 37),

PROPOSITION: Let (A,v) be a solution of SW-equations on (M,gq, L),
for A generic, and k_ := maxy;(—Sc). Then |F2'| < k_, fM|FA|'|2VoIM <
[y k2 Vol and [y, |F |2 Voly < iy k2 Vol —=8m2y — 12727,

Proof. Step 1: The first inequality was proven today. The second inequality
IS obtained by integrating the first. For the last inequality we use dim M > O,
becayse it is non-empty. This gives ¢1(L)? — 2x — 37 > 0.

Step 2: Clearly, c1(L)2 = 5 [y FANFA = 255 [ur 712 Vol — 2 Jar |[F 5 |2 Vol.

Comparing with c1(L)? — 2x — 37 > 0, and using [y, |F7|?Voly < [y k2 Vol,
we obtain

/k2V0|—2X—3T>i/ IF |2
M “an2 Iyt A

9
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Topological implications of the universal bounds

Corollary 1: For generic A, the space M is empty except for finitely
many cohomology classes c¢1(L) € H2(M,7).

Proof: Let H : AN2(M) — H2(M) be the orthogonal projection to harmonic
forms. Clearly, H is 1-Lipschitz with respect to the natural L?-metric ||| :=
ypwAsw = [1(wT)? = [1;(w™)? on A2(M). Then

/M k2 Vol —8n?y — 127°1 + /M k2 Vol > |[FTI2 4+ [|F5 1% = | H(FL|?

However, the form z — ||H(z)||? is positive definite on H2(M,R) = H2(M),
hence c1(L) belongs to a ball of a fixed radius, depending on [,,; k2 Vol,
T and y. &

10
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T he universal bundle

Let M be a compact 4-manifold, (L, A) a Spin¢structure, and M the corre-
sponding moduli of solutions of the SW-equations up to the natural U(1)-
action ¢ — .

CLAIM: For A generic, any solution (A,vy) of SW-equation satisfies ) £ O.

Proof. Step 1: Any anti-selfdual closed 2-form w IS harmonic. Indeed,

d*w = — xdw = 0.

Step 2: If ¢y = 0, we have F/ = q(y») = 0, hence the curvature of A is anti-
selfdual. Let 8 be a non-closed 1-form on M. Replacing the connection A by
A 4+ 0 takes its curvature F4 to F4 + df, which breaks the anti-selfduality,
because df is exact, hence cannot be anti-selfdual. =

DEFINITION: Let A be generic. The universal bundle over M4 is the
line bundle associated with the principal U(1)-bundle of all ¢ solving SW-
equations.

11
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The Seiberg-Witten invariant

DEFINITION: Let M be a compact oriented Riemannian 4-manifold with
bé" > 0, (L, A) a Spin®structure and M the space of solutions of SW-equation.
The Seiberg-Witten invariant SW (M, L) is a number, associated with M
and L as follows. If dimM is odd, we set SW(M,L) = 0. If it is even,
SW (M, L) := [y,c1(U)? where U is the universal bundle and 2d = dimp M.

THEOREM: This number is independent from the choice of the metric
on M and A, if A is generic. Moreover, SW (M, L) # 0 for all ¢;(L) except
finitely many.

Proof: Theorem 1, Corollary 1. m
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