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Kahler currents (reminder)

DEFINITION: A compact complex manifold is called Fujiki class C if it is
bimeromorphic to a Kahler manifold.

DEFINITION: Let M be a compact complex manifold, and w a Hermitian
form. A Kahler current is a closed, positive (1,1)-current n on M such that
n —ecw IS positive for some ¢ > 0.

THEOREM: (Demailly, Paun)
A compact complex manifold is Fujiki class C if and only if it admits a

Kahler current.
REMARK: This theorem is highly non-trivial; we will not use it.

In Lecture 18 we proved
THEOREM: Any complex surface admitting a Kahler current is Kahler.
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Cohomology classes represented by Kahler currents

REMARK: Let w be a Gauduchon metric on a complex n-manifold, and
n a closed (1,1)-form. We define the degree deg,n = [;;nArw™ 1. Since
| dd¢f Aw™ 1 =0, this number depends only on the cohomology class (1] €
1‘{ 1(M R).

THEOREM: (Ahcéne Lamari, Lecture 14)

Let M be a compact complex n-manifold. A non-zero class n ¢ H (M,R)
can be represented by a positive, closed current if and only if degwn >0
for any Gauduchon metric w.

This lecture we prove another theorem, also due to Lamari.
THEOREM: (Ahcéne Lamari)
Let (M,w) be a compact Hermitian complex manifold. A non-zero class
n € Hll(M R) can be represented by a Kahler current if and only if
there eX|sts e >0 such that wal A > e [wi” 1 Aw for any Gauduchon
metric w;.
REMARK: The number wa"f_l/\n = degy, n Is a cohomological invariant
of the Bott-Chern class of n» and the Aeppli class of uﬂf‘l. The number
[Mwl 1 A w has no cohomological meaning, it depends on the choice of
wl ~L'in its Aeppli cohomology class. The inequality S wh /\n>s[Mw7f‘1/\w
IS given by continuously many conditions, enumerated by the Gauduchon
forms.
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Open subsets in currents

REMARK: The topology on currents is “Tychonoff-type”, it is the weak
topology, with a base of open sets obtained as finite intersections of U-(Ja,b|) :=
{xeD*(M) | (xz,7)¢€la,b[}. This is why (for instance) the cone of Kahler
currents is not open.

DEFINITION: Let (M,w) be a compact Hermitian complex n-manifold, and
e <1 a positive real number. Define a neighbourhood of zero B; c Dﬂg_l’”_l(M)

consisting of all = which satisfy |[;;=Aw|<e. Let Pos c Dﬁ_l’”_l(M) be the
cone of positive (n-1,n-1)-currents. For any z € Pos, consider the open ball
B(x) =x + B, where € = [,z Arw. Define Pos.(w) = Uyepos Bz- Clearly, Pos; is
open.

CLAIM: The set Pos.(w) is convex.
Proof: For any z,y € Pos, the set B(z+y) contains B(z)+ B(y) because [;;(z+

YAws= [yyzArw+ [iyyAw. B

CLAIM: The intersection N:Nw Pos:(w) over all € €]0,1[ and all Hermitian w
IS equal to the positive cone.

Proof: Clearly, positive cone is the set of all currents n such that (n,w) >0
for all w which are Hermitian. Since n e Pos:.(w) implies (n,w) > 0, this means
that all elements of N: N, POs:(w) satisfy (n,w) >0 for all Hermitian w. =
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Countable, dense sets of Gauduchon forms

LEMMA: The space of all Gauduchon forms on a compact complex n-
manifold M has countable, dense subset.

Proof. Step 1: Gauduchon theorem provides a natural continuoups map W
from the set of all Hermitian forms on M to the set of all Gauduchon forms
(to fix the ambiguity with the constant multiplier, we choose W(w) in such
a way that [;w" = [;; W(w)". Therefore, it would suffice to show that the
space of all Hermitian forms has a dense, countable subset.

Step 2: Since Hermitian forms are open in the space of all smooth (1,1)-
forms, it suffices to show that the space ALL(M,R) of (1,1)-forms has a
dense countable subset. Since open sets in ALL(M, R) are open sets in one of
the Ci-topologies, it would suffice to show that (ALL(M,R),C?) has a dense,
countable subset. We leave this as an exercise to discuss in class. m
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Compactness of positive currents with bounded mass

REMARK: Let w be a Hermitian form on a compact complex n-manifold.
Recall that the mass of a positive current n is M(n) := /Mn/\wn—l.

PROPOSITION: The set of all positive (1,1)-currents n with M(n) <C is
compact.

Proof: Positive currents are positive (1,1)-forms with measure coefficients;
the condition M(n) < C means that these measures are bounded by a constant,
and the space of such measures is compact by Banach-Alaoglu theorem. m
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Aeppli cohomology (reminder)

DEFINITION: Let M be a complex manifold, and HZ’%(M) the space of ddc¢-
closed (p,q)-forms modulo d(AP~L4M) + O(AP-4-1M). Then HYL(M) is called
the Aeppli cohomology of M.

THEOREM: (A. Aeppli)

Let M be a compact complex n-manifold. Then the Aeppli cohomology is
finite-dimensional. Moreover, the natural pairing

H%(M) X Hﬁg’”‘q(M) — H?™(M) =C,

taking x,y to [j;x Ay is non-degenerate and identifies H%’%(M) with the
dual H, 2" 4(M)*.

Proof: Use the same argument as used to prove Serre’s duality and Poincaré
duality. =

DEFINITION: Let M be a compact complex n-manifold. Its Gauduchon
cone is the set of all Aeppli classes of w” 1, where w is a Gauduchon form.

REMARK: A (n-1,n-1)-current is Aeppli cohomologous to 0 if and only

ifit is (n-1,n-1)-part of an exact current.
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Intersection of all Pos.(w) with Gauduchon w

Proposition 1: The intersection N: Ny Pos:(w) over all € €]0, 1[ and all Gaudu-
chon w is equal to Posl 1+dalCDO(M) where Posll is the cone of positive
(1,1)-currents.

Proof. Step 1: Clearly, Pos’ +ddCDO(M) paired with a Gauduchon form is
positive. This implies that Pos!: 1+ddCDO(M) c Ne Nw POS:(w).

Step 2: Conversely, let {wq} be a dense countable set of Gauduchon forms.
We order the set {wq} x {271,272,...} obtaining a sequence {Pos. (w;)} such
that N; Posc (w;) = NeNan Gauduchon » POSe(w), and lim;e; = 0. Note that for
each w;, there are many instances of Pos, j(w;) in {Pos.(w;)}, for countably
many different k.

Step 3: The set Pos. (w;) is a umon of all a+b, where a is positive, and b
satisfies the inequality |[ b/\cuZ <& [y bAwl” 1. Then ﬂk Pos..(w;) is the
set of all currents of form a + b, where a IS posmve and b satlsfles the
inequality | [, bAw? Y <e; [ybrwl™t forall i=1,.. k.

Step 4: If ne ﬂk Pos..(w;), this means that n = a; + by, where a;, is positive
and | [y b Awl 1| <52/MakAw“ 1 for w; = wq,...,w,. This condition implies, in
particular, that

an/\uﬂf‘l = /M(an+bn)w7f—1 > (1-51)fManAw7f—1

The set of such a, iIs compact, because a, is a positive current with
bounded mass.
3
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Intersection of all Pos.(w) with Gauduchon w

Proposition 1: The intersection A := NNy Pos:(w) over all € €]0,1[ and all
Gauduchon w is equal to Post!+dd°D9(M), where Pos!:! is the cone of
positive (1,1)-currents.

Steps 2-4: We proved that any element 7 e m’f Pos..(w;) satisfies 7 = aj +bg,
where q; is positive and | [;; b Aw!” |<8ZfMak/\w” L for w; = wy, ... wz.; also,
{a;} belongs to a compact set of currents.

Step 5: Replace {a;} by a converging subsequence, and let a:=1lim;a;. Since
lim; | [y (n-a;)rw} ~11=0 for all k, and {w:} are dense in the set of all Gauduchon
forms, this |mpI|es that [,,(n-a)Arw™1=0 for all Gauduchon w.

Step 6: It remains to show that any real (1,1)-current b which satisfies

beAw"—l -0 for all Gauduchon w (*)

belongs to ddCDI%M. However, Gauduchon forms generate the space of all
dd¢-closed forms, which contains the set of all (n—-1,n-1)-parts of exact forms.
Therefore (b,imd) =0, hence db=0. Since (b,u) =0 for any dd¢-closed u, this
implies that the Bott-Chern class of b, paired with any Aeppli (n-1,n-1)-
class, vanishes. By duality between Aeppli and Bott-Chern classes, this
implies that b is Bott-Chern exact, that is, beddCDH%M n
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Weak dual spaces

DEFINITION: Let X be a topological vector space, and X* the space of all
continuous linear functionals. The weak topology on X* is the weakest on
X* such that for all x € X, the map A— A(x) is continuous.

LEMMA: Let (X,,)* be the dual space to X*, where X, is taken with the
weak topology. Then the natural map X — (X,,)* is bijective.

Proof. Step 1: The topology on V,; is defined by a system of seminorms
vz(A) = |A(x)|. Therefore, the continuity of a linear functional ¢ on X;;, means
that it satisfies the inequality [(| < Y;|vg,|, for a finite collection of points
x1,..-,Zn € V. This implies that { vanishes on the space W = (zx1,x5,...)t c
V*, of functionals which vanish on zq,...,xz,.

Step 2: Clearly, V*/W = (zq1,x5,...)*. Since a finite-dimensional space sat-

isfies L** = L, this implies that a natural map (z1,z>5,...) v, (V*/W)* is an
isomorphism. Therefore, (eimV. =
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Hahn-Banach theorem (reminder)

DEFINITION: We say that a hyperplane in a topological vector space V
IS a closed codimension 1 subspace H c V.

THEOREM: (Hahn-Banach separation theorem)

Let V be a locally convex topological vector space, A cV an open convex
subset, and W c V a closed subspace. Assume that W nA=%. Then there
exists a continuous functional £ ¢ V* such that £(W) =0 and £(A) > 0.

11
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Gauduchon positive forms

DEFINITION: Let (M,w) be a compact complex Hermitian n-manifold. A

(1,1)-form « is Gauduchon positive if there exists a number £ >0 such that

for any positive, dd¢-closed e/\%‘l’”_l(M), one has

[ anvse [ wav. (exx)

REMARK: Clearly, the set Ac /\qui’l(M) of all Gauduchon positive forms is a
convex cone.

REMARK: Later today we will prove that a Bott-Chern class [v] € H (M, R)

contains a Kahler current if and only if it contains a Gauduchon positive
closed (1,1)-form.

12



Complex surfaces, 2025, lecture 19 M. Verbitsky

The open cone of Gauduchon positive forms

PROPOSITION: Let (M,w) be a compact complex manifold equipped with
a Hermitian metric w, and Ac /\I}&’l(M) the set of Gauduchon positive forms.
Then A is a cone, open in CY-topology.

Proof. Step 1: The set A is closed under addition and multiplication
by a positive constant. Indeed, if o satisfies (***) with constant ¢, then A«
satisfies (***) with constant Ae; also, if aq,as satisfy (***) with constant
£1,€o, then aq + as satisfies (¥***) with constant g1 +ée».

Step 2: Let g be the Riemannian metric associated with w, and » a (1,1)-
form which satisfies supy;|u|qs < 6. Then there exists a g-orthonormal basis
such that u is orthogonal in this basis with eigenvalues |§;| < 6. Therefore, for
any positive (n-1,n-1)-form p, we have | [j;uAp| <6 [j;unp. This implies
that for any Gauduchon positive form n which satisfies (***) with constant
e, we have

/M(a+u)Aw>anwAzp—|fMuA¢|2(5—5)[Mw/\¢_

This implies that o+« iIs Gauduchon positive for § <, and therefore A

IS open. m
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Gauduchon positive forms and positive currents

Proposition 2: Let (M,w) be a compact complex manifold equipped with a
Hermitian metric w. Let S« /\I}&’l(M) be a Gauduchon positive form. Then
there exists a generalized function f ¢ DY(M) such that g +dd¢f is a
positive current.

Proof. Step 1: Choose a Hermitian form w;j, and let Pos.(w1) c D1:1(M)
the open cone defined above. If 8+dd¢D%(M)nPos.(w1) = @, by Hahn-Banach
theorem there exists a form pe DL1(M)* = A]%_l’”_l(M), positive on Pos.(w1),
such that [,,(8+dd°f)anp=0, for any f e DO(M). Positivity on Pos.(w;)
implies that the form p is positive, because Pos:(wq1) contains the cone of

positive currents.

Step 2: Since [,;wAp>0, the condition [,;8Ap=0 contradicts Gauduchon
positivity of 3. This implies that 8+ ddcD%(M) n Pos.(w1) + @ for all ¢,w;.

Step 3: Clearly, Posc(wi) = Posc(wy) + dd¢DO(M) when wy is Gauduchon.
T herefore, B-I-dchO(M) Is contained in N:Nan Gauduchon w1 POSg(wl). This
intersection is equal to Pos+ddCD0(M) by Proposition 1. =
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Cohomology classes represented by Kahler currents

Proposition 3: Let (M,w) be a compact complex Hermitian n-manifold, and
[v] € Hl:;’é(M). Then [v] can be represented by a Kahler current if and
only if there exists € >0 such that

fM[U] A >5waA¢ (%)

for any positive, dd¢-closed (n-1,n-1)-form ¢ on M.
Proof. Step 1: Let v be a Kadhler current, v>ew. Then [j;vry >e [jwA.

Step 2: Conversely, let [v] be a cohomology class which satisfies (**), and
a a (1,1)-form representing [v]. Then o/ ::a—%ew is Gauduchon positive. By
Proposition 2, o’ =a+dd¢f, where a is a positive current, and f a generalized
function. This implies that o -dd°f = a + 3ew, where a + 3cw is a Kahler

current. =

COROLLARY: A compact complex manifold M admits a Kahler current if
and only if there exists a closed, Gauduchon positive (1,1)-form.

Proof: Any such form satisfies (**), hence it is Bott-Chern cohomologous

to a Kahler current. m
15



Complex surfaces, 2025, lecture 19 M. Verbitsky
Nef-pluriharmonic currents

DEFINITION: A current ne D 1n-1(Ar) is called nef-pluriharmonic if n =
lim; w1, where all w; are Gauduchon forms.

Lemma 4: Let (M,w) be a compact complex Hermitian n-manifold. Then a
non-zero current is nef-pluriharmonic if and only if it is strictly positive
on all Gauduchon positive forms.

Proof. Step 1: Let K° be the space of positive dd¢-closed forms i €
/\ﬁ_l’”_l(M), satisfying [w A =1, and K its closure in the space of cur-
rents. Since all currents in K are positive and have bounded mass, this space
is compact. Clearly, the set K generates the cone of nef-plurihnarmonic cur-

rents. Consider a Gauduchon positive (1,1)-form «. For any ¥ ¢ K°, we

Then ol >e. This implies that

(Gauduchon positive, nef—pluriharmonic) > 0.

Step 2: Conversely, assume that £ ¢ Dﬁ_l’n_l(M) is @ non-zero current which

iIs obtained as a limit of Gauduchon forms, and « is Gauduchon positive.
Then (£, a) > e£,w), because the same inequality is true for all Gauduchon
forms, and ¢ is a limit of Gauduchon forms. =
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Existence of Kahler currents

THEOREM: Let M be a compact complex n-manifold. Then M admits a
Kahler current if and only if for any non-zero nef-pluriharmonic current,
its Aeppli class IS non-zero.

Proof. Step 1: Let = be a Kahler current on M, and 8 a non-zero nef-
plurinarmonic current with g =1im;3;, where g3, = wj'&?‘l and all w; are Gaudu-
chon. We are going to prove that [B]4g # O, which would follow if we
prove ([=],[B]) # 0, where ([=],[3]) denotes the pairing between the Aeppli
and Bott-Chern cohomology.

Step 2: Let w be a Hermitian form on M. By Proposition 3, there exists e >0
such that [,[=]AB; 2e [ wAB;. Passing to a limit, we obtain [,,[=]A[3] >
e [ wA B >0, which implies ([=],[3]) > O.

Step 3: Conversely, let A be the cone of Gauduchon positive forms. By
Proposition 3, to prove that M admits a Kahler current, it suffices to show
that Ankerd # 0. If the intersection is empty, we apply Hahn-Banach and
obtain a current £ e D~ Ln=1pr) which vanishes on closed (1,1)-forms and is
strictly positive on Gauduchon positive (1,1)-forms. Lemma 4 implies that
£ is nef—pluriharmomc Since £ vanishes on closed (1, 1) forms |ts Aeppli
class satisfies ([¢], H (M)) 0. Since the pairing (H “Ld (M) H (M))
perfect, we obtain that [£]Ap=0. =
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