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Cohomology with compact support

DEFINITION: Let w be a differential form on M Support Supp(w) of w is
the closure of the set of all points where w # 0. We say that w has compact
support if its support is compact.

REMARK: Clearly, a differential of a form with compact support has
compact support.

DEFINITION: Cohomology with compact support of a manifold M is
cohomology of the complex (A:(M),d) of differential forms with compact
support.

REMARK: Let U C M be an open subset. Then AX(U) C N;(M). Indeed,
any two non-intersecting closed subsets of a manifold can be separated by
non-intersecting open subsets. Applying this to Supp(«a) and M\U, we obtain
an open set V O M\U such that alyny = 0. Extend a to V by setting a =0
on the whole V, and we obtain a smooth extension of o« to M.

REMARK: This defines a map H}(U) — H}(M). Cohomology is con-
travariant functor (the functor which inverts the arrows), cohomology with
compact support is covariant functor.
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Long exact sequence (reminder)

DEFINITION: A complex is a sequence of vector spaces and homomor-
ohisms ... -4 ¢i-1 4y i 4, i+l 4, satisfying d2 = 0. Homo-
morphism (C*,d) — (C7,d) of complexes is a sequence of homomorphism
C*" — C7 commuting with the differentials.

DEFINITION: An element ¢ € C? is called closed if ¢ € kerd and exact if
c € imd. Cohomology of a complex is a quotient ‘iﬁg. One denotes the i-th
group of cohomology of a complex by H*(C*)

REMARK: A homomorphism of complexes induces a natural homomorphism
of cohomology groups.

DEFINITION: Short exact sequence of complexes

0 — A* — B* — C* —» 0 is a sequence of morphisms of complexes A* —»
B* L5 C* such that z: A' —s Bt is injective, y : B’ —s C' is surjective (for
all i), and kery = imz.

THEOREM: Let 0 — A* — B* — (C* — 0 be an exact sequence of com-
plexes. Then there exists a long exact sequence of cohomology
.. — H~Y(C") — HY(A®) — HY(B*) — HY(C*) — H'TL(A*) — ..
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Differential forms on closed subsets (reminder)

DEFINITION: Let M be a manifold, and Z C M a closed subset. Let «,
be two differential forms defined in open sets U, and UB containing Z. We
say that « and g are equivalent if o« = S on UQOUB. The space of equivalence
classes is denoted A*(Z) and called the space of differential forms on 7 or
the space of germs of differentials forms in 2.

REMARK: If Z is a manifold with boundary, A*(Z) is the space of
differential forms on Z, by definition of differential forms on manifolds with
boundary.

EXERCISE: Using partition of unity, prove that the natural restriction
map AN*(M) — A*(Z) is surjective for any closed 7 C M.

REMARK: The de Rham differential is well defined on A*(Z), allowing us to
define the de Rham cohomology of Z as usual. Poincaré lemma holds in
this situation, too.

CLAIM: Let X C R™ be a closed starlike subset. Then H‘(X) = 0 for all
1 > 0.

Proof: Same as for open X. =m
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Cohomology of a closed subset

REMARK: Let Z C M Dbe a closed subset of a manifold. The notation
N:(Z) is slightly misleading, because the forms in this space are defined in
a neighbourhood of Z in M. To avoid confusion, we denote the cohomology
of this complex by H7(M).

CLAIM: Let Z C M be a smooth subvariety. Assume that there exists a
neighbourhood U D Z and a family of smooth maps ¢+ : U — U smoothly
depending on t € [0, 1] such that ¢q is identity and ¢q : U — Z is identity on
Z. Then H,(M) = H*(Z) = H*(U).

Proof: The maps ¢+ induce the same map on cohomology of U and on
H? (M) as follows from the homotopy invariance of de Rham cohomology
(same argument as used in the proof of Poincaré lemma). Then ¢1: U —U
induces an identity map on H7,(M) and on H*(U). Therefore, the composition

U 2% 7 < U induces identity on cohomology, both H*(U) and H%(U). The

composition Z — U 2% Z is the identity map. We obtain that H*(U) =
H,(U)=H*(Z). =
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EXxcision for cohomology with compact support

PROPOSITION: Let Z C M be a closed subset of a manifold. Then the
following sequence of complexes is exact.

0 — AS(M\Z) —s A (M) 25 Ax(2) — 0.

Proof: Surjectivity in the last term and injectivity in the first is clear. Now,
let R(a) = 0, where « is a form with compact support. Then o« = 0 in a
neighbourhood of Z. This means that Supp(a) C M\Z. =

COROLLARY: (Excision exact sequence)
Let Z7 C M be a compact subset of a manifold. There is a long exact

sequence
o — Hy (M) — HPY(M\Z) — HITY (M) — HUPY (M) — HIT2(M\Z) — ...
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Cohomology of R"™ with compact support

COROLLARY: (Excision exact sequence)
Let 7 C M be a compact subset of a manifold. There is a long exact
sequence

o — Hy (M) — HPY(M\Z) — HITY (M) — HIPY (M) — HIT2(M\Z) — ...

Let us apply this to M = S™ and Z a point. Using the previous claim, we can
assume that H,, (M) = H*(pt), where H*(pt) denotes cohomology of a point.
Then

.. — HY(pt) — HTI®R™) — HITL(S™) — HTH(pt) — HT2(R?) — ...

Positive-dimensional cohomology of a point vanish, and the only non-zero
cohomology of S™ are in dimension n. Therefore, all positive-dimensional
terms in this exact sequence vanish, except in dimension n, where we get
H" 1(pt) = — H»(R™) — H"(S™) = R — H™(pt) = 0, hence H?(R") = R.

COROLLARY: H!(R") =R for i = n and vanishes otherwise.

Proof: Since the closed O-forms are constant functions, and they don’t have
compact support on non-compact manifold, HQ(IR{”) — 0. The rest of coho-
mology vanish except H?(R™) = R as shown above. =
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Poincaré lemma with compact support

LEMMA: Let M C R" be an open starlike set. Then Then H.(M) = R for
¢ = n and vanishes otherwise.

Proof. Step 1: Consider the map AZ(M) — R mapping a to [j; a. Clearly, it
IS non-zero on positively oriented n-forms with compact support and zero on
d(AP~1(M)) by Stokes’ theorem. To prove the Poincaré lemma with compact
support, it remains to show that all the n-forms o with [, =0 and ali
closed :-forms with : < n are exact.

Step 2: Denote by 'Y the homothety map z —s tz, where 0 <t < 1. Then
' maps forms with compact support to formstwith compact support; denote
this map by Il : AL(M) — AL(M). Clearly = = — Liey, where 7 is a radial
vector field. Since Lie; acts by zero on cohomology, 't acts on HY(M) as
identity.

Step 3: Let a € AL(M) be an n-form with [;;a = 0 or a closed i-form with
i < n. Since a is cohomologous to 0 in H}(R™), one has o = dB, where 3 is
a form on R"™ with compact support. Choose t in such a way that support of
3 belongs to M. Then M« is cohomologous to 0 in H*(M). However,
the cohomology class of a is equal to the cohomology class of I‘ia (Step 2).

m
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Mayer-Vietoris with compact support (1)

CLAIM: Consider open subsets U,V of a manifold M, Then the natural
embedding maps define an exact sequence of complexes:

00— A (UUV) 25 NS @ AS(V) 5 AU UV) — 0. (%)

Here ¢ is the natural embedding on both components, and ¢ is the natural
embedding on the first component and its opposite on the second component.

Proof. Step 1: The map ¢ is clearly injective. Also, the sequence is exact
in the middle term, because for any A € AJ(U), p € ANj(V) such that A\—p =0
in AJ(UUV), one has Supp(X) = Supp(u) CUUV.

Step 2: It remains to prove that ) is surjective. Let Z = Supp(«a) be a com-
pact subset of a form a € AZJ(UUV), and let Zy := Z\V, Zy := Z\U. These
are non-intersecting compact subsets, hence there exists a covering {U;} such
that none of U, intersects both Zy and Z;. Let ¢; be the corresponding
partition of unity, let Wy be the sum of all ¢; intersecting Z;; and Wy, be the
sum of the rest of ;. Then \IJU|ZV = 0 and \IJV‘ZU = 0, hence Wya € AJ(U)
and Wy a e AX(V). We have decomposed a to a sum of two forms which lie
in AJ(U) and A%(V). =
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Mayer-Vietoris with compact support (2)

CLAIM: Consider open subsets U,V of a manifold M, Then the natural
embedding maps define an exact sequence of complexes:

0— A UNV) 25 AN @ AS(V) S AU UV) — 0. (%)

Here ¢ is the natural embedding on both components, and ¢ is the natural
embedding on the first component and its opposite on the second component.

COROLLARY: (Mayer-Vietoris with compact support)
Let U,V C M be open subsets. Then there is a long exact sequence

associated with (*):

e — HY W e HYWU) — H-Y (W UV) — HUNV) —
— H(U)® H.(V) — H(UUV) — H T (U NV) — ...
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Poincaré duality

REMARK: Let M be a manifold. Consider the multiplication map A*(M) ®
N:(M) — N:(M). As we have already seen, a product of closed forms is
closed, and a product of a closed and exact forms is exact.

THEOREM: (Poincaré duality theorem)

Let M be an n-dimensional oriented connected manifold. Then the integration
map o — [y« gives an isomorphism H2(M) = R. Moreover, the multipli-
cation H:(M)x H" *(M) — H?*(M) = R defines a non-degenerate pairing
between H.(M) and H"*(M).

It will be proven later today

REMARK: On a compact manifold, HY(M) = H*(M), and then the Poincaré
pairing o, 8 — [3y aAB defines a non-degenerate bilinear form (the Poincareé
form) on cohomology.

REMARK: Note that 1-dimensionality of H(M) is itself a consequence
of Poincare duality, because H?(M) is dual to HO(M) = R.
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Proof of Poincaré duality

THEOREM: (Poincaré duality theorem)

Let M be an n-dimensional oriented connected manifold. Then the integration
map o — [y« gives an isomorphism HJ2(M) = R. Moreover, the multipli-
cation H:(M)x H" (M) — H?*(M) = R defines a non-degenerate pairing
between H.(M) and H" *(M).

Proof: Let M be a manifold and {U;} a finite open cover such that all U;,
all the closures U, and all their intersections are starlike (such a cover can be
obtained from a polyhedral structure or from a convex cover as in Lecture 6).
Poincaré lemma implies that the Poincare pairing map H*(K) — HX *(K)* is
an isomorphism for any K which is starlike, where K is the closure of K. Using
induction in n, we may assume that H*(K) — H2 *(K)* is an isomorphism
for any K which is obtained as a union of n — 1 or less of U;. Let us prove
it for K = .-y U;. Mayer-Vietoris exact sequences, applied to X = Uy and
Y = U, U;, give the following diagram.

. — H"YYXnNnY) — HY(XUY) — H{(X)® H(X) — HTY(XnNnY) — ..

| l l l

N Hn_H_l(XﬂY oy Hn—z(XUy)* — Hn—z(X)*EBHn—'L(Y)* — Hn—i—l(Xﬂy)* — s
c c c c c

By induction assumption, the vertical arrows in this diagram are isomorphisms
for all terms except possibly for H*(XUY) — H? *(XUY)*. The 5-lemma
implies that they are isomorphisms in all terms. m.
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