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1.1 Hodge theory on hyperkähler manifolds and its applica-
tions

Since early 1990-ies, I studied the applications of Hodge theory for topology
of hyperkähler manifolds (the first paper, published in 1990, was written
when I was 17 years old). I have shown that cohomology of a hyperkähler
manifold admit an action of the Lie group Sp(1, 1), which is similar to Lef-
schetz’ SL(2)-action. This was used to compute the cohomology algebra of
a hyperkähler manifold, showing that its part generated by H2(M) is sym-
metric, up to the middle dimension. Among applications of these results,
a proof of Mirror Conjecture for hyperkähler manifolds, and better under-
standing of hyperkähler subvarieties of hyperkähler manifolds and coherent
sheaves.

This research culminated in the proof of global Torelli theorem, and
discovering the ergodicity of the mapping class group action, which has
many geometric consequences, including the proof of Kawamata-Morrison’s
cone conjecture (jointly with Ekaterina Amerik). Jointly with Ljudmila
Kamenova, we used the same reasoning to prove many open conjectures
about Kobayashi pseudometric on hyperkähler manifolds.

Research on deformation theory of rational curves on hyperkähler man-
ifolds lead to development of a new notion, the MBM class, which serves
the same role as the (−2)-class on a K3 surface. In addition to the proof
of Kawamata-Morrison’s cone conjecture, this lead to many new advances
in the theory of automorphisms and bimeromorphic maps on hyperkähler

– 1 – September 20, 2022



Misha Verbitsky Research overview

manifolds. We proved that the centers of bimeromorphic contraction on
a hyperkähler manifolds are deformation invariant within a divisor in the
Teichmüller space of deformations, and used this observation to treat the
shape of the Kähler cone of a hyperkähler manifold using the methods of
hyperbolic geometry.

Reference:

1. Amerik, Ekaterina ; Verbitsky, Misha. MBM classes and contraction
loci on low-dimensional hyperkähler manifolds of K3[n] type. Algebr.
Geom. 9 (2022), no. 3, 252–265.

2. Amerik, Ekaterina ; Verbitsky, Misha. Rational curves and MBM
classes on hyperkähler manifolds: a survey. Rationality of varieties,
75–96, Progr. Math., 342, Birkhäuser/Springer, Cham, [2021], ©2021.

3. Amerik, Ekaterina ; Verbitsky, Misha. Contraction centers in families
of hyperkähler manifolds. Selecta Math. (N.S.) 27 (2021), no. 4,
Paper No. 60, 26 pp.

4. Bogomolov, Fedor A. ; Kamenova, Ljudmila ; Verbitsky, Misha. Alge-
braically hyperbolic manifolds have finite automorphism groups. Com-
mun. Contemp. Math. 22 (2020), no. 2, 1950003, 10 pp.

5. Amerik, Ekaterina ; Verbitsky, Misha. Collections of orbits of hy-
perplane type in homogeneous spaces, homogeneous dynamics, and
hyperkähler geometry. Int. Math. Res. Not. IMRN 2020, no. 1,
25–38.

6. Kurnosov, Nikon ; Soldatenkov, Andrey ; Verbitsky, Misha. Kuga-
Satake construction and cohomology of hyperkähler manifolds. Adv.
Math. 351 (2019), 275–295.

7. Amerik, Ekaterina ; Verbitsky, Misha. Construction of automorphisms
of hyperkähler manifolds. Compos. Math. 153 (2017), no. 8, 1610–
1621.

8. Amerik, Ekaterina ; Verbitsky, Misha. Morrison-Kawamata cone con-
jecture for hyperkähler manifolds. Ann. Sci. Éc. Norm. Supér. (4)
50 (2017), no. 4, 973–993.

9. Verbitsky, Misha. Transcendental Hodge algebra. Selecta Math. (N.S.)
23 (2017), no. 3, 2203–2218.
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10. Kamenova, Ljudmila ; Verbitsky, Misha. Algebraic nonhyperbolicity
of hyperkähler manifolds with Picard rank greater than one. New York
J. Math. 23 (2017), 489–495.

11. Bogomolov, Fedor ; Kamenova, Ljudmila ; Lu, Steven ; Verbitsky,
Misha. On the Kobayashi pseudometric, complex automorphisms and
hyperkähler manifolds. Geometry over nonclosed fields, 1–17, Simons
Symp., Springer, Cham, 2017.

12. Amerik, Ekaterina ; Verbitsky, Misha. Hyperbolic geometry of the
ample cone of a hyperkähler manifold. Res. Math. Sci. 3 (2016),
Paper No. 7, 9 pp.

13. Amerik, E. ; Verbitsky, M. Rational curves on hyperkähler manifolds.
Int. Math. Res. Not. IMRN 2015, no. 23, 13009–13045.

14. Verbitsky, Misha. Ergodic complex structures on hyperkähler mani-
folds. Acta Math. 215 (2015), no. 1, 161–182.

15. Amerik, Ekaterina ; Verbitsky, Misha. Teichmüller space for hy-
perkähler and symplectic structures. J. Geom. Phys. 97 (2015),
44–50.

16. Verbitsky, Misha. Teichmüller spaces, ergodic theory and global Torelli
theorem. Proceedings of the International Congress of Mathemati-
cians—Seoul 2014. Vol. II, 793–811, Kyung Moon Sa, Seoul, 2014.

17. Kamenova, Ljudmila; Lu, Steven; Verbitsky, Misha, Kobayashi pseu-
dometric on hyperkähler manifolds, J. Lond. Math. Soc. (2) 90 (2014),
no. 2, 436-450.

18. Kamenova, Ljudmila; Verbitsky, Misha, Families of Lagrangian fibra-
tions on hyperkähler manifolds, Adv. Math. 260 (2014), 401-413.

19. Verbitsky, M., A global Torelli theorem for hyperkähler manifolds,
Duke Math. J. Volume 162, Number 15 (2013), 2929-2986.

20. M. Verbitsky, Hyperkähler manifolds with torsion, supersymmetry and
Hodge theory, Asian J. of Math., Vol. 6, No. 4, pp. 679-712 (2002)

21. Verbitsky M., Algebraic structures on a hyperkähler manifold, Math.
Res. Lett. 3 763-767, 1996

22. Misha Verbitsky, Cohomology of compact hyperkähler manifolds and
its applications, GAFA vol. 6 no. 4 pp. 601–612 (1996)
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23. Verbitsky M. On the action of a Lie algebra SO(5) on the cohomology
of a hyperkähler manifold, Func. Analysis and Appl. 24(2) pp. 70-71
(1990).

1.2 Trianalytic subvarieties of hyperkähler manifolds and sym-
plectic geometry

Since early 1990-ies, I studied trianalytic subvarieties in hyperkähler and
hypercomplex manifolds. These are subvarieties which are complex analytic
with respect to three complex structures I, J,K. It was shown that all
complex subvarieties of a generic hyperkähler manifold are trianalytic. Also
all deformations of trianalytic subvarieties are again trianalytic, and their
deformation space is singular hyperkähler.

I have studied singularities of singular hyperkähler varieties, and shown
that a normalization of such variety is smooth and hyperkähler. This ap-
plies to trianalytic subvarieties, which are examples of singular hyperkähler
spaces.

These results were applied to Hilbert schemes of points on K3 and gen-
eralized Kummer varieties. For Hilbert schemes of points on K3, it was
shown that its generic deformation has no subvarieties. For generalized
Kummer varieties, a similar attempt (joint with D. Kaledin) was foiled by
our imperfect understanding of birational geometry of holomorphic symplec-
tic manifolds. Soon after publishing this paper, we found a counterexample
to one of our statements.

The birational geometry of holomorphic symplectic manifolds was stud-
ied by D. Kaledin in several papers in much detail. Our joint work in
this direction resulted in a proof of a deformation theorem, analoguous to
Bogomolov-Tian-Todorov, for non-compact holomorphic symplectic mani-
folds. Going in the same direction, I have studied quotient singularities of
holomorphic symplectic manifolds admitting a holomorphic symplectic res-
olution, and proved that such singularities are always quotients by groups
generated by symplectic reflections.

Since then I published a series of paper dealing with complex and bimero-
morphic geometry of Douady spaces of subvarieties in hyperkähler manifolds
and in their twistor spaces. In particular, I have shown that the deformation
spaces of complex curves in the twistor spaces of K3 surfaces are holomor-
phically convex (Stein for certain specific components). Also I have proven
the “holography principle” for twistor spaces, showing that a meromorphic
function on a twistor space of a small open subset of a hyperkähler manifold
can be extended to the whole twistor space.
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Research on trianalytic subvarieties also lead to curious development in
symplectic geometry, joint with Jake Solomon; we have proven that the
Fukaya category of a hyperkähler manifold is locally formal.

In another development related to symplectic geometry, we studied sym-
plectic packing of hyperkähler manifolds by symplectic balls and ellipsoids.
Using results about trianalytic subvarieties, we have proven that the sym-
plectic packings of tori and hyperkähler manifolds are unobstructed; we also
studied the ergodic properties of symplectic structures and used the ergod-
icity to prove new results about the symplectic packings by various other
shapes, such as parallelograms and polydisks.

Reference:

1. Solomon, Jake P. ; Verbitsky, Misha. Locality in the Fukaya category
of a hyperkähler manifold. Compos. Math. 155 (2019), no. 10, 1924–
1958.

2. Entov, Michael ; Verbitsky, Misha. Unobstructed symplectic packing
by ellipsoids for tori and hyperkähler manifolds. Selecta Math. (N.S.)
24 (2018), no. 3, 2625–2649.

3. Entov, Michael ; Verbitsky, Misha. Unobstructed symplectic packing
for tori and hyper-Kähler manifolds. J. Topol. Anal. 8 (2016), no. 4,
589–626.

4. Soldatenkov, Andrey ; Verbitsky, Misha. k-symplectic structures and
absolutely trianalytic subvarieties in hyperkähler manifolds. J. Geom.
Phys. 92 (2015), 147–156.

5. Verbitsky, Misha. Holography principle for twistor spaces. Pure Appl.
Math. Q. 10 (2014), no. 2, 325–354.

6. Verbitsky, Misha. Rational curves and special metrics on twistor
spaces. Geom. Topol. 18 (2014), no. 2, 897–909.

7. Grantcharov, Gueo ; Verbitsky, Misha. Calibrations in hyper-Kähler
geometry. Commun. Contemp. Math. 15 (2013), no. 2, 1250060, 27
pp.

8. Soldatenkov, Andrey ; Verbitsky, Misha. Subvarieties of hypercomplex
manifolds with holonomy in SL(n,H). J. Geom. Phys. 62 (2012), no.
11, 2234–2240.
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9. Verbitsky, Misha. Wirtinger numbers and holomorphic symplectic im-
mersions. Selecta Math. (N.S.) 10 (2004), no. 4, 551–559.

10. Verbitsky, Misha. Subvarieties in non-compact hyperKähler mani-
folds. Math. Res. Lett. 11 (2004), no. 4, 413–418.

11. Kaledin, D. ; Verbitsky, M. Period map for non-compact holomorphi-
cally symplectic manifolds. Geom. Funct. Anal. 12 (2002), no. 6,
1265–1295.

12. Verbitsky, Misha. Holomorphic symplectic geometry and orbifold sin-
gularities. Asian J. Math. 4 (2000), no. 3, 553–563.

13. Verbitsky, Misha. Singularities in hyperkähler geometry. Quaternionic
structures in mathematics and physics (Rome, 1999), 439–469, Univ.
Studi Roma ”La Sapienza”, Rome, 1999.

14. Verbitsky, Misha ; Kaledin, Dmitri. Hyperkahler manifolds. Mathe-
matical Physics (Somerville), 12. International Press, Somerville, MA,
1999. iv+257 pp. ISBN: 1-57146-071-3

15. Verbitsky, Misha. Hypercomplex varieties. Comm. Anal. Geom. 7
(1999), no. 2, 355–396.

16. Verbitsky, M. Trianalytic subvarieties of the Hilbert scheme of points
on a K3 surface. Geom. Funct. Anal. 8 (1998), no. 4, 732–782.

17. Kaledin, D. ; Verbitsky, M. Trianalytic subvarieties of generalized
Kummer varieties. Internat. Math. Res. Notices 1998, no. 9, 439–
461.

18. Verbitsky, Misha. Desingularization of singular hyper-Kähler varieties.
I. Math. Res. Lett. 4 (1997), no. 2-3, 259–271.

19. Verbitsky, M. Tri-analytic subvarieties of hyper-Kaehler manifolds.
Geom. Funct. Anal. 5 (1995), no. 1, 92–104.

1.3 Coherent sheaves on hyperkähler manifolds

In my second published paper I introduced the notion of hyperholomorphic
bundles on hyperkähler manifolds. These are bundles with Hermitian con-
nection with curvature of type (1,1) with respect to all complex structures
induced by the hyperkähler structure.
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It was shown that all stable bundles on generic hyperkähler manifolds
admit a hyperholomorphic connection, which is unique. Conversely, every
hyperholomorphic bundle is a direct sum of stable bundles.

The moduli spaces of such bundles wre shown to be singular hyperkähler,
and the deformation unobstructed (except the first obstruction, known as
Yoneda product).

Later, this notion was extended to coherent sheaves. Using results about
trianalytic subvarieties, I have shown that a deformation of a hyperholomor-
phic bundle over a generic hyperkähler manifold M remains non-singular,
unless M contains trianalytic subvarieties of complex codimension 2 (in the
cases of a Hilbert scheme of K3 and the generalized Kummer variety, all
trianalytic subvarieties have codimension > 2, except for 4-dimensional gen-
eralized Kummer).

If the deformation spaces of hyperholomorphic bundles are positive-
dimensional (which is unknown yet), this should lead to new examples of
hyperkähler manifolds.

In a joint paper with D. Kaledin, a non-Hermitian version of this notion
was studied. We have shown that if the Hermitian assumption is dropped,
the non-Hermitian hyperholomorphic connection on M becomes essentially
the same as a holomorphic structure on the lifting of the corresponding
bundle to the twistor space. In early 2000-ies this approach was used to
study the category of coherent sheaves on generic K3 surfaces and tori. I
have shown that this category is independent from the choice of a generic
K3 or a torus of a given dimension.

Since then, I have written a few papers dealing with stable bundles on
non-Kähler manifolds; this direction turned out to be quite fruitful. Jointly
with Ruxandra Moraru, we have discovered that the moduli of stable bundles
on a Hopf surface are generalized hyperkähler (in the sense of Hitchin and
Gualtieri).

I have also discovered that in complex dimension > 2 any stable coher-
ent sheaf on some elliptic fibrations (including the quasi-regular Vaisman
manifolds, Calabi-Eckmann manifolds, and many others) are obtained as
pullback from the leaf space, which is always a projective orbifold. This
leads to many new results about the vector bundles and coherent sheaves on
such manifolds. The notion of “positive elliptic fibration” was generalized
to “positive toric fibration” in a paper dealing with complex geometry of
compact homogeneous complex manifolds.

Reference:
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1. Markman, Eyal ; Mehrotra, Sukhendu ; Verbitsky, Misha. Rigid hy-
perholomorphic sheaves remain rigid along twistor deformations of the
underlying hyparkähler manifold, Eur. J. Math. 5 (2019), no. 3, 964–
1012.

2. Biswas, Indranil ; Mj, Mahan ; Verbitsky, Misha. Stable Higgs bundles
over positive principal elliptic fibrations. Complex Manifolds 5 (2018),
no. 1, 195–201.

3. Verbitsky, Misha. Hyperholomorphic connections on coherent sheaves
and stability. Cent. Eur. J. Math. 9 (2011), no. 3, 535–557.

4. Verbitsky, Misha. Positive forms on hyperkähler manifolds. Osaka J.
Math. 47 (2010), no. 2, 353–384.

5. Moraru, Ruxandra ; Verbitsky, Misha. Stable bundles on hypercom-
plex surfaces. Cent. Eur. J. Math. 8 (2010), no. 2, 327–337.

6. Verbitsky, Misha. Positive toric fibrations. J. Lond. Math. Soc. (2)
79 (2009), no. 2, 294–308.

7. Verbitsky, Misha. Coherent sheaves on general K3 surfaces and tori.
Pure Appl. Math. Q. 4 (2008), no. 3, Special Issue: In honor of Fedor
Bogomolov. Part 2, 651–714.

8. Verbitsky, Misha. Quaternionic Dolbeault complex and vanishing the-
orems on hyperkähler manifolds. Compos. Math. 143 (2007), no. 6,
1576–1592.

9. Verbitskĭı, M. S. Holomorphic bundles on diagonal Hopf manifolds.
(Russian) ; translated from Izv. Ross. Akad. Nauk Ser. Mat. 70
(2006), no. 5, 13–30 Izv. Math. 70 (2006), no. 5, 867–882

10. Verbitsky, Misha. Stable bundles on positive principal elliptic fibra-
tions. Math. Res. Lett. 12 (2005), no. 2-3, 251–264.

11. Verbitsky, Misha. Coherent sheaves on generic compact tori. Alge-
braic structures and moduli spaces, 229–247, CRM Proc. Lecture
Notes, 38, Amer. Math. Soc., Providence, RI, 2004.

12. Verbitsky, Misha. Hyperkähler manifolds with torsion obtained from
hyperholomorphic bundles. Math. Res. Lett. 10 (2003), no. 4, 501–
513.
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13. Verbitsky, Misha ; Kaledin, Dmitri. Hyperkahler manifolds. Mathe-
matical Physics (Somerville), 12. International Press, Somerville, MA,
1999. iv+257 pp. ISBN: 1-57146-071-3

14. Kaledin, D. ; Verbitsky, M. Non-Hermitian Yang-Mills connections.
Selecta Math. (N.S.) 4 (1998), no. 2, 279–320.

15. Verbitsky, Mikhail. Hyperholomorphic bundles over a hyper-Kähler
manifold. J. Algebraic Geom. 5 (1996), no. 4, 633–669.

1.4 Moduli spaces of framed instanton bundles on CP 3 and
the rational curves on the twistor space

Jointly with D. Kaledin, I have constructed a correspondence between stable
vector bundles on a twistor space of a hyperkaähler manifopld and rational
curves in a twistor space of another hyperkähler manifold. This observation
was used in early 2010-ies a collaboration with Marcus Jardim.

We have shown that the moduli space M of holomorphic vector bundles
on CP 3 that are trivial along a line is isomorphic (as a complex manifold)
to a subvariety in the moduli of rational curves of the twistor space of
the moduli space of framed instantons on C2, called the space of twistor
sections. This space admits an interesting geometric structure, called a
trisymplectic structure.

A trisymplectic structure on a complex 2n-manifold is a triple of holo-
morphic symplectic forms such that any linear combination of these forms
has rank 2n, n or 0. We have shown that a trisymplectic manifold is equipped
with a holomorphic 3-web and the Chern connection of this 3-web is holo-
morphic, torsion-free, and preserves the three symplectic forms. Then we
constructed a trisymplectic structure on the moduli of regular rational curves
in the twistor space of a hyperkaehler manifold, and defined a trisymplec-
tic reduction of a trisymplectic manifold, which is a complexified form of
a hyperkaehler reduction. We proved that the trisymplectic reduction in
the space of regular rational curves on the twistor space of a hyperkaehler
manifold M is compatible with the hyperkaehler reduction on M.

As an application of these geometric ideas, we considered the ADHM
construction of instantons. We have shown that the moduli space of rank r,
charge c framed instanton bundles on CP 3 is a smooth, connected, trisym-
plectic manifold of complex dimension 4rc. In particular, it follows that
the moduli space of rank 2, charge c instanton bundles on CP 3 is a smooth
complex manifold dimension 8c − 3, thus settling a 30-year old conjecture
of Barth and Hartshorne.

– 9 – September 20, 2022



Misha Verbitsky Research overview

Trisymplectic structures, and their generalization, the k-symplectic struc-
tures, appear in many other domains in geometry, and seem to have many
uses in addition to the study of instanton spaces.

Reference:

1. Verbitsky, Misha. Transcendental Hodge algebra. Selecta Math. (N.S.)
23 (2017), no. 3, 2203–2218.

2. Soldatenkov, Andrey ; Verbitsky, Misha. k-symplectic structures and
absolutely trianalytic subvarieties in hyperkähler manifolds. J. Geom.
Phys. 92 (2015), 147–156.

3. Jardim, Marcos ; Verbitsky, Misha. Trihyperkähler reduction and
instanton bundles on CP3. Compos. Math. 150 (2014), no. 11, 1836–
1868.

4. Jardim, Marcos ; Verbitsky, Misha. Moduli spaces of framed instanton
bundles on CP3 and twistor sections of moduli spaces of instantons on
C2. Adv. Math. 227 (2011), no. 4, 1526–1538.

1.5 Hodge theory on manifolds with special holonomy and
HKT-geometry

A hypercomplex manifold is a manifold with three complex structures
I, J,K satisfying quaternionic relations. It is called quaternionic Her-
mitian if it has a quaternionic-invariant Riemannian structure. With each
quaternionic Hermitian manifold (M, I, J,K, g), one can associate its canon-
ical (2, 0)-form Ω = ωJ +

√
−1ωK . If this form is closed, M is called hy-

perkähler (this is one of possible definitions). If ∂Ω = 0, (M, I, J,K, g) is
called an HKT-manifold (“hyperkähler with torsion”).

An HKT form is in many ways similar to a Kähler structure. One can
define a potential, a version of Hodge theory, Kähler class and so on. In 2000-
ies I studied hypercomplex geometry from this point of view. The Hodge
theory (including Lefschetz-type SL(2)-action) was constructed for HKT
manifolds with trivial canonical bundle. As an application, it was shown
that a compact hypercomplex manifold which admits a Kähler metric also
admits a hyperkähler structure. In another application (jointly with I. Dotti
and M. L. Barbieris) it was shown that a hypercomplex nilmanifold admits
an HKT structure if and only if it is abelian.

This result was also useful in hyperkähler geometry, where a strong van-
ishing result was shown, based on this Lefschetz -type SL(2)-action. It was
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shown that cohomology of a holomorphic line bundle L with −c1(L) outside
of a dual Kähler cone vanish after the middle dimension. Moreover, form
any holomorphic bunldle M , H i(B ⊗ LN ) = 0, for N sufficiently big, and
i > 1

2 dimCM .
The version of Hodge theory developed for the study of HKT manifolds,

was also useful in other geometric sutuations, namely, for G2-manifolds and
nearly Kähler manifolds, Vaisman manifolds, Sasakian manifolds and so on.
For nearly Kähler manifolds, the Hodge relations were sufficient to obtain the
Hodge decomposition. During the work on Hodge theory of G2-manifolds,
many concepts of complex algebraic geometry were adapted to work on G2-
manifolds. This way I obtained some basic results in the theory of calibrated
plurisubharmonic functions, later rediscovered by Harvey and Lawson in a
different (and more systematic) framework.

This theory was used to study coherent sheaves on hyperkähler mani-
folds, and (jointly with Semyon Alesker) Calabi-Yau problem in HKT ge-
ometry, which became a much-researched subject since then.

Reference:

1. Grantcharov, Gueo ; Lejmi, Mehdi ; Verbitsky, Misha. Existence of
HKT metrics on hypercomplex manifolds of real dimension 8. Adv.
Math. 320 (2017), 1135–1157.

2. Grantcharov, Gueo ; Verbitsky, Misha. Calibrations in hyper-Kähler
geometry. Commun. Contemp. Math. 15 (2013), no. 2, 1250060, 27
pp.

3. Verbitsky, Misha. Hodge theory on nearly Kähler manifolds. Geom.
Topol. 15 (2011), no. 4, 2111–2133.

4. Verbitsky, Misha. Hodge theory on nearly Kähler manifolds. Geom.
Topol. 15 (2011), no. 4, 2111–2133.

5. Verbitsky, Misha. Manifolds with parallel differential forms and Kähler
identities for G2-manifolds. J. Geom. Phys. 61 (2011), no. 6, 1001–
1016.

6. Alesker, S. ; Verbitsky, M. Quaternionic Monge-Ampère equation and
Calabi problem for HKT-manifolds. Israel J. Math. 176 (2010), 109–
138.

7. Verbitsky, Misha. Balanced HKT metrics and strong HKT metrics on
hypercomplex manifolds. Math. Res. Lett. 16 (2009), no. 4, 735–752.
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8. Barberis, Maŕıa L. ; Dotti, Isabel G. ; Verbitsky, Misha. Canonical
bundles of complex nilmanifolds, with applications to hypercomplex
geometry. Math. Res. Lett. 16 (2009), no. 2, 331–347.

9. Verbitsky, Misha. Hypercomplex manifolds with trivial canonical bun-
dle and their holonomy. Moscow Seminar on Mathematical Physics.
II, 203–211, Amer. Math. Soc. Transl. Ser. 2, 221, Adv. Math. Sci.,
60, Amer. Math. Soc., Providence, RI, 2007.

10. Alesker, Semyon ; Verbitsky, Misha. Plurisubharmonic functions on
hypercomplex manifolds and HKT-geometry. J. Geom. Anal. 16
(2006), no. 3, 375–399.

11. Verbitskĭı, M. S. Theorems on the vanishing of cohomology for locally
conformally hyper-Kähler manifolds. (Russian) ; translated from Tr.
Mat. Inst. Steklova 246 (2004), Algebr. Geom. Metody, Svyazi i
Prilozh., 64–91 Proc. Steklov Inst. Math. 2004, no. 3(246), 54–78

12. Verbitsky, Misha. Hyperkähler manifolds with torsion obtained from
hyperholomorphic bundles. Math. Res. Lett. 10 (2003), no. 4, 501–
513.

13. Verbitsky, Misha. HyperKähler manifolds with torsion, supersymme-
try and Hodge theory. Asian J. Math. 6 (2002), no. 4, 679–712.

1.6 Locally conformally Kähler geometry

A locally conformally Kähler manifold (LCK-manifold) is a complex
manifold which is covered by a Kähler, with the deck transform acting by
holomorphic homotheties. An important special case is so-called Vais-
man manifolds, which are covered by a Kähler manifold where R acts
by holomorphic homotheties. Similarly one defines a locally conformally
hyperkähler manifold. In 2004, I obtained a structure theorem for locally
conformally hyperkähler manifolds, reducing their classification to classifi-
cation of 3-Sasakian manifolds, which is due to Boyer, Galicki, Demailly and
Kollar.

Since then, I collaborated with Liviu Ornea, and jointly we developed
the subject to a great extent.

We have established a structure theorem for Vaisman manifolds, reduc-
ing the Vaisman geometry to Sasakian geometry, and proved that a Vais-
man manifold admits a holomorphic immersion in a linear Hopf manifold.
This was used to obtain similar immersion results for Sasakian manifold,
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proving that they always admit a CR-holomorphic embedding to a contact
sphere. These results were also used to characterize CR-manifolds admitting
Sasakian structure in terms of their automorphism group.

In attempt to understand the immersion theorem, we invented a new
class of LCK-manifold, called LCK-manifolds with automorphic po-
tential. This is an intermediate class between the Vaisman manifolds and
LCK-manifolds. Unlike the Vaisman and LCK-manifolds, LCK-manifolds
with automorphic potential are stable under small complex deformations.
Also, such manifolds admit holomorphic embedding to linear Hopf mani-
fold. This result can be understood as a locally conformally Kähler version
of a Kodaira embedding theorem.

Later on, we found that LCK-manifolds with automorphic potential can
be characterized in terms of vanishing of a certain cohomology class, which
can be understood as a holomorphic version of Morse-Novikov cohomology.
This was used to characterize such manifolds in terms of their automorphism
groups, and to obtain important results about topology, describing their
topology in terms of topology of certain algebraic varieties.

Our research culminated in a book, “Principles of Locally Conformally
Kähler Geometry”, by L. Ornea and M. Verbitsky, 769 pages, arXiv:2208.07188,
2022, which lays the foundation of modern LCK geometry in a way which
should make the subject accessible to graduate students and research math-
ematicians.

1. Ornea, Liviu ; Verbitsky, Misha. Twisted Dolbeault cohomology of
nilpotent Lie algebras. Transform. Groups 27 (2022), no. 1, 225–238.

2. Ornea, Liviu ; Verbitsky, Misha. Closed orbits of Reeb fields on
Sasakian manifolds and elliptic curves on Vaisman manifolds. Math.
Z. 299 (2021), no. 3-4, 2287–2296.
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24. Verbitskĭı, M. S. Theorems on the vanishing of cohomology for locally
conformally hyper-Kähler manifolds. (Russian) ; translated from Tr.
Mat. Inst. Steklova 246 (2004), Algebr. Geom. Metody, Svyazi i
Prilozh., 64–91 Proc. Steklov Inst. Math. 2004, no. 3(246), 54–78

– 15 – September 20, 2022


	Hodge theory on hyperkähler manifolds and its applications
	Trianalytic subvarieties of hyperkähler manifolds and symplectic geometry
	Coherent sheaves on hyperkähler manifolds
	Moduli spaces of framed instanton bundles on CP3 and the rational curves on the twistor space
	Hodge theory on manifolds with special holonomy and HKT-geometry
	Locally conformally Kähler geometry

