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Funepbosndyeckme rpyrnsl no [(pomoBy M. Bepbuukunii

BHyTpeHHne MmeTpukn (noBrtopeHune).

ONMPEAOEJIEHUE: NMycTb (M, d) — MeTpuyeckoe NpoCTpPaHCTBO, a~v : [a,b] —
M — nyTb. PaccmoTpum pasbueHune otpeska [a, bl = [a, 1]U[x1, zo]U...U[x,,_1, b].
O6o3Ha4YuUM zg = a,zn = b. MMONOXKUM L~(z71,...2p_1) = Z;‘:_& d(x;, z;41).
Onpeaenvm AAUHY NYTU v bopmynoii

Lg(y) = 5UPa<x1<...<a:n_1<bL7(fE1a o Tp—1)-

rge cynpemym 6epetca no BCEM pa3bneHnam oTpe3Ka.

ONMPEAOEJIEHUE: NMycTtb (M,d) — MeTpu4eCckoe MNpOCTPaAaHCTBO, a L  —
PYHKLMOHAN ONUNHBLI HA cApsiMAsieMblX NyTax. O603Ha4YuM 3a d MeTpuky d(z,y) =
infy L(vy), roe nHdnmym 6epeTcsa no BCEM NyTAM, coegnHArowmnm =z u y. OHa
Ha3blBaeTCA BHYTPEHHEe MeTpUuKoi, NHAYyLUNPOBAHHON d.

TEOPEMA: Onsa ntoboro mMeTpmy4eckoro npocTpaHCTBaA, c?: d.
OMPEOEJIEHUNE: MeTpuka d Ha M Ha3blBaeTCA BHYTPEHHeNn, ecnu d = d.
SAMEYHAHUVE: ®dunHCnepoBbl, pUMAHOBbLI, NoamaapanbHble MEeTPpUuKW, no-

CTpOEeHHbIE paHbLe, ABJIAKOTCA BHYTPEHHUUMMW.
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Funepbosndyeckme rpyrnsl no [(pomoBy M. Bepbuukunii

KpaTyanwine B MeTpnieckomM npocrtpacrtBe

OnpeaeneHune: HenpepbiBHOe oTOBparkeHne « : [0, a] — M Ha3blBaeTCA KpaT-
yaunwen, ecam ero annda pasHa d(v(0),v(x)).

J1io60i OTpEe30K KpaT4ahluen - CHOBaA KpaT4dauluas.

OnpepeneHue: Ecan ¢ : [0,a] — [0,a] — romeomopdusm, a ~v - NyTb U3
x B Yy, KOMOO3NUMA o~y - TOXE NyTb U3 = B y. TAKOW MNyTb HA3bIBAETCH
penapamMeTpu3auunen ~.

NMapameTpusaumnsa v — BbIOOP NyTN B KJlacce NyTel, SKBUBANIGHTHbLIX C TOY-
HOCTbIO OO penapamMeTpusauunmu.

OnpeaeneHune: Myctb v : [0,a] — M - KpaTyaiwasa, COeANHAOWAS = U v,
npuyem
d(v(z),v(y)) = |z —yl.

Takas KpaTyallwas Ha3blBAaeTCa KpaTydanwen reoge3mnyeckom, a CoOoTBeT-
CTBYHOLWLASA NapamMeTpusaumnsa - reoge3nyveckoim napamerTpu3aumnen.
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Funepbosndyeckme rpyrnsl no [(pomoBy M. Bepbuukunii

KpaTuaiilume B MeTpnyYeckom npocrtpacTtBe (NpoaosixKeHune)

SAMEYAHWE: Neoae3n4yeckan KpaTt4aniiasi — TO XKe camoe, 4TO U30-
MeTpUu4eckKkoe BJIO>XKEHNEe U3 oTpe3ka B M.

TEOPEMA: TlycTb M - NOKanbHO KOMNAKTHOE, MOJIHOE MPOCTPAHCTBO C
BHYTPEHHEW MEeTpukoin, a xg,r1 € M. Toraa cywecTByeT KpaT4dyauwuas
reoge3ndyeckas, coegmnHsaoWwas g N 1. n

SAME4YAHWVE: B panbHenwem, BCe MeTpudeckKkue npocTpaHCcTBa npea-
nonararoTcs HageneHHbIM BHYTPEHHEN MeTPUKOU, a Ntobble ABe TOYKM
COEeANHSAIIOTCSA KpaT4danwmmMm C reoge3ndeckoim napamertrpu3aumnei.



Funepbosndyeckme rpyrnsl no [(pomoBy M. Bepbuukunii

Yrnbl

ONMPEAOEJIEHUWE: TlyCcTb a,b,c — TOYKN B METPUYECKOM MNPOCTPAHCTBE
(M,d). 3necb n B AanbHelwem R2 npeanosaraeTca MeTpudeckum npo-
CTPAHCTBOM, C OObI4YHOWN (eBKNINOOBOW) MeTPUKoOn. TpeyrosibHNUK cpas-
HeHua A(a,b,¢) eCTb TpeyronbHuk B R2, C BepwMHaMun a,b,é, U CTOPOHAMMU
la,b| = d(a,b), |a,c| = d(a,c), n |b,c| = d(b,c) (Takoii TpeyroabHUK, O4EBUIHO,
CYLLEeCTBYET, U onpeaeneH eanHCTBEHHO C TOYHOCTbIO A0 KOHIFPY3HTHOCTN).
vron £(a,b,c) B TpeyronbHuke a,b,c o6o3Ha4aetca 0(a,b,c); OH Ha3blBaeTCA
YIJIOM CpaBHEHUS.

ONPEAOEJIEHUE: MNycTb v1 : [0,a] - M, ~v» : [0,b] - M nBa nyTun B MeT-
pnyeckom npoctpaHcTee M, v1(0) = 75(0) = p. Yron mexay nyTamMmu i, vo
B p €CTb 4YMCIO

£(v1,p,72) = t'gi@O@(’Vl(t),p, v2(s)),

ecnn Takon npegen cyuwecTByeT (B NPOTUBHOM Cay4ae, rOBOPUTCS, YTO YrOJ
MEXAY 71 U 7> He cylwecTByeT). BepxHuii yrosa ecTtb

iSUID(/Y17p7 /72) = lim Supt,s—)O 6(’71 (t)7p7 72(3))7

roe limsup o0OO3Ha4YaeT cynpemMyM BcCeX npegesibHbiX TOo4YeK nocsiegoBa-
TenbHocTel 0(y1(t;),p,v2(s;)), ANA BCEX t;,s; CXOAALLMXCA K O.
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Funepbosndyeckme rpyrnsl no [(pomoBy M. Bepbuukunii

HepaBeHCTBO TpeyroJibHMKa Ans yrjos

YINMPAOKHEHWME: lNpoBepbTe, 4TO yroa mexay rnagkmmm nyrtamm B R”
CyLleCcTBYeT U paBeH Vyriay mMexXay mx KacateslbHbIMW.

VYIMNPAOXKHEHWE: ~ :: [0,a] - M — kKpaT4ahwasa, HageneHHas reoge3snye-
CkoW napameTpusauneii, a v(0) = p. Torpga yron ALs,p(v,p,7y) cywecreyeT
N paBEH HYIO.

TEOPEMA: lNycTb ~v; : [0,a] = M — nyTun B M, Toraa BepHO HEpaBEHCTBO
TpeyrosibHNKa A1 BEPXHUX YIrJlOB:

ASUP(fylapa 72) + iSUP(’)/27p7 73) > ASUP(fylapa 73)
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KOHYC

ONMPEAEJIEHVE: OnamMeTp MeTpUYeCcKoro npocTtpaHcTtea M eCTb 4YMNCNo
Supx,yEMd(xa y)

ONMNPEAOEJIEHUME: lNMycTb (X,d) — MeTpunyeckoe npoCcTpPaHCTBO, diamX < .
PaccmoTpum Tononornyeckoe npoctpaHcTeo C(X) ¢ Tononoruein cdakTopa,
nonydeHHoe n3 X x [0, co[ cknemBannem X x{0} B Touky. Onpegenmm pyHKUMIO
do: C(X) x C(X) —R>0% no dopmyne

d(p,q) = \/152 + 52 — Dts cos(d(xz,vy)),

rae p = (z,t),q = (y,s). B ckKOpom BpeMmeHun 6yaeT AoKa3aHOo, 4TO d eCTb
MmeTpuka. lNpoctpaHcTBo C(X) C BbIWEONNCAHHON METPUKOW Ha3bIBAETCS
METPUYECKUM KOHYCOM, 1M NPOCTO KOHYCOM Haa X.

TEOPEMA: ®yHKUUA do YOOBNETBOPSIET HEPABEHCTBY TpPeyroJibHUKa.
Joka3aTtenbcTBOo. LLlar 1: Myctb (o, t),(8,s) — To4ykn B KoHyce C(X), a

A(0,a,b) — TpeyronbHUK CpaBHEHUA CO cTopoHamn t,s n yrnomMm £(a,0,b) =
d(a,8). Toraa do(a,b) = |a,b|.
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KoHyc (npogosi»keHue)
TEOPEMA: ®YyHKUUA d- YyAOB/IETBOPSiET HEPABEHCTBY TpeyroJibHUKa.

JokaszaTenbcTtBo. LLar 1: lNMycTtb (o,t),(B,s) — To4kn B kKoHyce C(X), a
A(0,a,b) — TPeyrosibHUK CpaBHEHUA CO CTOopoHamu t,s n yrnom £(a,0,b) =
d(a,8). Toraa do(a,b) = |a,b|.

Lilar 2: Myctb a = (a,7),b = (8,s8),¢c = (~v,t) — Tpu To4km Ha C(X), a
A(0,a,b), /\(D,b,c) COOTBETCTBYIOLLNE TPEYrOJbHUKN CPaBHEHUA, C OOLLel
cTopoHoii [0,b], U OTAOXKEeHHble Mo pa3Hble cTopoHbl oT (0,5).

b

c

Toraa do(a,c) < a,c| < [a,b] + |b, ] = do(a,b) + do(b,c). m



Funepbosndyeckme rpyrnsl no [(pomoBy M. Bepbuukunii

CBOMNCTBaA KOHYyCa

CBONCTBA KOHYCA: 1. Ana kaxxporo z € X, nyTb ~ : [0,a] — C(X),
nepesoaslNim a B (r,a) — KpaT4yauwias.

2. z,y € X, a v1 .= (x,[0,a]), v» := (y,[0,b]) C C(X) — cooTBeTCTBYlOLLNE
KpaT4dainwune B KOHyce. Toraa £(v1,0,v2) = d(z,vy).

3. KOHYC Haa OTpe3KOM AOJINHblI o N3oMeTpu4yeH NJIOCKoOMy vyrjay B R2
BeJIN4YUNHbI «.

YTBEP>XAOEHWME: lMpeanonoXumm, 4Tto X — NPOCTPAHCTBO C BHYTPEHHEN
METPUKOWM 1 KpaTyanwumn. Torga meTtpuka Ha C(X) — ToO>Xe BHYTPEHHAS
N C KpaT4yanwmnmm.

JokasaTenbCcTBO. LLlar 1: AOnsa kaxaoin kpaTt4danwen v € X, koHyc C(v)
N3OMETPUYEH NAOCKOMY Yy, 3HA4YUT, MeTpuka Ha C(v) BHYTPEHHSASA U C
KpaT4yanwmnmm.

LLlar 2: JTroOble ABe TOYKMN HA KOHyce nexaT Ha C(v) ans noaxoasiuwen
KpaTydanwen ~v. m



Funepbosndyeckme rpyrnsl no [(pomoBy M. Bepbuukunii

KOHYC npocTpaHcTBa C diam > .

SAMEYAHWE: lNycTb (X, d) — MeTpMYECKOE NPOCTPAHCTBO, a > 0, a dg(x,y) =
min(d(x,y),a). Toroa d, — TOXe MeTpUukKa.

OMNPEAOEJIEHME: MNMycTtb (X,d) — MeTpnyeckoe npoCTpaHCTBO, dr — MeT-
pvkKa Ha X, onpepeneHHas Bbiwe. Onpegennm KOHYC (C(X),dr) Kak KOHYC
Haa (X, dr).

VYVTBEP>XOEHWE: lNycTb (X,d) — NpOCTPAHCTBO C BHYTPEHHEN METPUKOA
W KpaT4yanwmmn., Torpga meTpuka do Ha C(X) TOXe BHYTPEHHASA N C
KpaT4yanwmnmm.

Joka3aTenbCcTBO. LLlar 1: [1na kakgon kKpaTt4yaviwen v € X ONnHbl o < T,
KOHYC C'(7y) U30OMeTpUYeH NAOCKOMY Yriy BENNYUHbI «. MO3TOMY No0Oble aBe
TO4YKU (a,s) n (b,t) € d(a,b) < ™ MOXXHO COEANHNTbL KpaT4aunwen.

Lilar 2: Ecan (a,s) n (b,t) TO4YKK, ANA KOTOPbIX dr(a,b) = m, pacCTosAHKUE
MEXXAY HUMWN eCTb s + t, @ COOTBETCTBYHOWASA KpaT4yanwasa — oTobparkeHune
~: [—-s,t] - C(X), nony4eHHOe OO beANHEHUEM CEMMEHTOB

A= (a,\),\ € [—s,0]

A= (b,\),\ e [0,t].
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Funepbosndyeckme rpyrnsl no [(pomoBy M. Bepbuukunii
NMpocTpaHcTBa AnekcaHapoBa

OMNPEAOEJIEHUE: TyCcTb a,b,c — TOYKM Ha npocTpaHcTBe (M,d) CO CTpO-
ro BHyTpeHHern meTpukoinn, r = d(a,b), a v : [0,7r] > M — KpaTyaiwasa C
reoe3ndeckor napameTpusauynein, coeamHaowas To4km (a,b). PaccmoTpum
dbyHkumto de : [0, r] = RZ9, nepesoaawyto ¢ B d(c,~v(¢)). Nycts A(a,b, ) C R?
— TpeyrofibHuK cpasHenus, a dz : [0,7] - R3O — cdbyHkuma, nepesogawas t
B8 d(¢,5(t)), rae 7 : [0,r] —» R?2 o603Ha4YaeT CTOPOHY TPeyrofbHMKa CpaBHe-
HUS C HOPMANbHOW MapamMmeTpulaunern. yHKUNS dz Ha3bliBaeTCca yHKLMEN
CpaBHEHMUA.

OINMPEAOEJIEHWME: lNpocTpaHCTBO M Ha3blBaeTCA NPOCTPAHCTBOM HeOoT-
pUuaTEeNIbHON /HENONOXXNTENbHOW KPUBU3HbLI B LLEIOM, €Cin Ansa Nrobbix
a,b,c, PYHKUNA CpaBHEHUA YAOBNETBOPAET HepaBeHCTBY d. > dz (COOTBeET-
CTBEHHO, d. < dz).

OINMPEAOEJIEHWE: lNpocTpaHCTBO M Ha3bIBAaeTCs NPOCTPAHCTBOM AeK-
caHApOBaA HEOTPULLIATESNIbHOWN /HEMONOXNTENbHOW KPUBU3HbI, ECNN Y KAaXK-
A0 TOYKN €CTb OKPECTHOCTb HEOTPMUATENBbHON /HENONOXKNTENBHOW KPUBU3-
Hbl B LENOM.

SAMEYAHWE: lpoCTpaHCTBA HEMONOXKUTENBHON KPUBU3HbLI B LEJIOM TakK-
e Ha3blBatoTca CAT (0)-npocTpaHcTBaMu (B 4ecTb 2nm KapTaHa, 4. A.
AnekcaHgposa n B. A. TONOHOrogea).
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¥

"'::""- :
Elie Cartan, AnekcaHap JaHunoBnY ANEKCaHOpOB,
1869-1951 1912-1999
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-

Buktop AHapeesnd TOMOHOMOB, Mwnxann [ pomMoOB
1930-2004 (p. 23 nekabps 1943)
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Funepbosndyeckme rpyrnsl no [(pomoBy M. Bepbuukunii

NMpnmMmepbl NPOCTPAHCTB A1leKCaHApoOBa

NMPUMERP: lNycTb Z — MeTpuydeckmnim rpad, nonyyHYeHHbl CKAEUBAHMEM Tpex
pebep B TOYKE.

Toraa Z — NpoCTPAHCTBO HENOJIOXKNTESIbHOW KPUBU3HDI.

NMPVMERP: lNyCcTb L — OKPY>XHOCTb AJINHbI d C BHYTPEHHEN meTpukoin, a C' (L)
— ee KoHyc. Toraa C(L) — NpOCTPAHCTBO AnleKCaHAPOBA HEMOJIOXUTESb-
HOW KPUBWU3HbLI AN d < 27 U NPOCTPAHCTBO AnekcaHapoBa HeoTpuua-
Te/IbHOW KPUBWU3HbLI AN d > 2.

NMPMMMEP: BN1OKHOT eCTb noamaapanbHoOe NPOCTPAHCTBO Pa3MeEPHOCTU 2,
C MEeTPUKON dakTopa, NOJNYHYEHHOE N3 HECKONbKUX MNONYNJOCKOCTEN CKAEun-
KO NO rpaHn4YHOi npsamoin. BNNOKHOT — NPOCTPAHCTBO HEMOJIOXKUNTESNIbHOW
KPUBU3HbLI B L,EJ/IOM.

NMPVMEP: MeTpu4dyecknimn 6ykeT NpoCTpPaHCTB M; C OTMEYEHHOW TOYKON x;
NOJlyHaeTCAaA M3 3TUX NPOCTPAHCTB CKAENKON ToYek x; B OAHY (C MEeTpUKO
dakTopa). MeTpudeckunii 6ykeT NMpoOCTPAHCTB HEMNOJIOXKUNTESIbHOW KpWU-
BU3Hbl - NPOCTPAHCTBO HEMOJ/IOXXNTENIbHON KPUBWU3HDLI.
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Funepbosndyeckme rpyrnsl no [(pomoBy M. Bepbuukunii

Ycnosne MOHOTOHHOCTMU yrJjioB

ONMPEAOEJIEHWE: NycTb v1,7v2 : [0,a] - M — kpaT4aiwue B M, v;(0) = p.
[OBOPUTCSA, 4TO B M BbINOJIHEHO YCJ/IOBUE MOHOTOHHOCTU yrnos (Ans
HENOJTIOXKNTE/IbHON /HEeoTpNLUATE/IbHON KPUBWU3HbI), €CAu YroJ
0(v1(s),p,v2(t)) MOHOTOHHO BO3pacTaeT/ybbiBaeT Kak OYHKUNSA OT s, t.

VYVTBEP>XOEHWE: Ycnosne MOHOTOHHOCTU YIrN0B AN HENONOXKNTENbHOW /
HEOTPULLATENBbHOW KPUBWU3HbI PABHOCWUJIbHO HENOJIOXXUTEJSIbHOCTU/HEeOoT-
pPUUAaTEeNbHOCTUN KPUBU3HbLI B LLeJIOM.

15



Funepbosndyeckme rpyrnsl no [(pomoBy M. Bepbuukunii

YcnoBue MOHOTOHHOCTU yrnoB (NpoaosikeHue)

JokasaTenbcTBO. LLlar 1: lNyCcTb p,a,b — TpU TOYKN HA METPUYHECKOM MpPO-
CTPAHCTBE, a a1 — TOYKA Ha KpaTyaunwei, coeanHAarowen a n p. PaccmoT-
PUM TpeyrosibHuK cpasHeHus A(ay,p,b) 408 a1, p,b, 1 0603HAYUM HA NPAMOIA
(p,a1) TOYKY a TakuM O06pa3oMm, 4TO |p,a| = d(p,a).

a

P

Toraa 9(ay,p,b) < 6(a,p,b) < |a,b| < d(a,b), 6o |a,b| n d(a,b) - NPOTUBO-
neXkauime CTOPOHbl TPEeyroNbHUKOB C coceaHuMn ctopoHamu d(p,a) n d(p,b)
n yraom 6(aq,p,b) ons TpeyronsHuka A(a,p,b) n 0(a,p,b) 4NA TpeyroabHUKa
A(a, p,b).

LLlar 2: OrpaHu4eHnst Ha KPUBU3HY, B CBOO o4epelb, PaBHOCUNbHbLI |a,b| <
d(a,b) ONSt HENONOXKUTENBHOW KPUBU3HLI, U |a,b| > d(a,b) ANS HeoTpuUaATENb-

HOW. W
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YTrbl B NPOCTpPAHCTBaAX AnekKcaHAapoBa

CJIEAQCTBWE: lNyctb M — npoCcTpaHCTBO AnekcaHapoBa. Toraa yrnbl
MeXX Ay reoge3ndecKnmMmim Kpatdyamnwmmm B M Bceraga onpeanesieHbl.

OJOKABATEJIbLCTBO: Vrabl 6(vy1(t),p,v2(s)) MOHOTOHHO pacTyT nnbo
yObIBAOT, 3HAYNUT, COOTBETCTBYIOLLIME nNpeaesibl CYyLLeCTBYIOT. B

ONMPEAOEJIEHUVE: lNyCTb p — BHYTPEHHSAA TOYKA Ha KpablT4danwen v. O60-
3HA4YUM ABa CerMeHTa -y, Ha4dMHarowmecs OT p, 3a y4 M y—. CMeXXHble yrnbl

cyTb yrabl L(y4,p, ) N L(v—,p, 1).

SAMEYHAHVE: CyMmmMma CMeXHbIX YrnoB > m B CUJY HepaBeHCTBaA Tpe-
VroJibHUKAQ ONA YrjioB.
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YcnoBue cpaBHeHUsaA yrnos

ONPEAOEJIEHVE: TlyCcTb a,b,c — Tpu TOYKU B METPUYECKOM MNPOCTPaAH-
cTBe, a A(a,b,¢) — TPEYrofibHUK CPpaBHEHUA. PacCMOTpUM KpaTyaiilme vy, yo,
coeavHarWwmMe a C b U a C ¢c. YCNnoBue cpaBHeHUAa yrjaoB AONaA Henosno-
XKUTENbHOW KPUBU3HbLI eCTb HepaBeHCTBO A (v1,a,7v2) < £L(cab). YcnoBue
CPaBHEHUA YriaoB A1 HeoTpuuaTesiIbHOW KPUBU3HbI €CTb HEPABEHCTBO
£(71,a,7v2) > £(cab) naroc paBeHCTBO L(v4,p,p) + L(v—,p,u) = 7 ANSA NtOObIX

CMeXHbIX YrNoB £(vy4,p, 1) N L(y—,p, 1).

TEOPEMA: YcnoBmne cpaBHeHMUA YrjioB paBHOCWUJ/IbHO OrpaHmn4yeHuto
Ha KPUBU3HY C TeM >Xe 3HaAKOM.

JOKASATEJIbCTBO: CM. INCTOYEK 7. &
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