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Funepbosndyeckme rpyrnsl no [(pomoBy M. Bepbuukunii
KpaTyanwmne B MeTpuU4eCcKoOM npoctpacTtee (NnoBTopeHune)

OnpepeneHue: lMNMyctb v : [0,a] - M - kpaTyahiwasa, COeANHAKWAA T U v,
npuyem

d(v(z),v(y)) = |z —y|.

Takasa KpaTyakwasa Ha3blBaeTCA KpaT4yauwein reoge3nvyeckoim, a CooTBeT-
CTBYHOLLAA MapamMeTpu3aumsa - reoge3nvyeckom napamerpu3aumnen.

SAMEYAHVE: Neoae3nyeckast Kpat4danwass — TO »XXe camMmoe, 4YTO uU30-
MeTpun4dyeckoe BJ1o>XXeHne n3 oTpe3ka B M.

TEOPEMA: llyctb M - NOKanNbHO KOMMAKTHOE, MOJIHOE MPOCTPAHCTBO C
BHYTPEHHEN MEeTPpUKOW, a zg,r7 € M. Toraa cyuwecTByeT KpaTdaunwias
reoge3ndyeckas, coegunHsaoWwas g N 1. n

ONPEAOEJIEHVNE: KpaT4yanwasa, coeanHarowasa ABe TOYKU a,b mMeTpudye-
CKOro NpoOCTpaHCTBa, obo3Ha4vaeTcs [a,b], a ee AnnHa oBO3Ha4vaeTCAa |ab| (=
d(a,b).



Funepbosndyeckme rpyrnsl no [(pomoBy M. Bepbuukunii

TOHKWEe TpeyroabHuUukn (NnoBTopeHune)

ONMPEAOEJIEHUE: lNeoae3nyecknin TpeyrosibHuUK A(abc) B METPUYHECKOM
NPOCTPAHCTBE €CThb TPEYrONbHUK, COCTABMIEHHbIV N3 TPexX BEPLUUH a,b,c, CO-
eANHEHHbIX KpaTydanwnmm, KoTopble 1 Byay o603HavaTb 3a [a,b], [b,c] n [c,al
Tanusa (en: minsize, fr: taille minimale) TpeyroibHUKa eCTb CYNpPeMyM pac-
CTOSIHUS OT TOYKM z, NeXKaller Ha OAHOW U3 CTOPOH, A0 O0beaAMHEHNA ABYX
Apyrux. TpeyronbHUK Ha3bliBaeTCA 5-TOHKUM (no Puncy), ecan ero tanusa He
bonbLue 4.

OINMPEAOEJIEHUVNE: MeTpun4yeckoe npocTpaHCTBO X CO CTPOro BHYTPEHHEN
METPUKOW HA3bIBAaETCs I-rmnepobosin4ecKunmM, ecam BCe reogesnmydeckune Tpe-
VIONIbHUKWN J-TOHKKMEe. byaem rosopuTb, 4TO X rmnepObos/iIn4HO, eCln OHO
O-rnmnepbonnyYHO, ANA KaKOW-TO KOHCTAHTbI 4.

YTBEP>XOEHWE: Kaxxaoe O-rnnep6osindyeckoe reoae3s3nydeckoe npo-
CTPAHCTBO N30MEeTPUYHO aAepeBy (CBA3HOMY, OAHOCBA3HOMY rpady).

TEOPEMA: lNpocTpaHCTBO Jlo6a4yeBCKOro rmnepoOo/2iIN4HO.
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Funepboandeckne rpynnbl No [pPoMoBYy M. Bepbuukunii
HepaBeHCcTBO F'pomMmoBa (noBTOpeHune)

ONMNPEAEJIEHUVE: Tlyctb X — MeTpunyeckoe npoCTPaHCTBO C OTMEYEHHOM
To4koW p. FpoMoBcCkoe npowun3seneHune (a,b), ecto 1/2(|ap| + |bp| — |ab]).
DTO 4YUCNO, KOTOPOE NU3MEPAET OTKI/IOHEHNE HEPABEHCTBA TPEeyroslbHMKa OT
PABEHCTBaA.

OlNnPEAEJIEHMNE: HepaBeHCTBO [ pOMOBaA eCTb HEpPAaBEHCTBO Ha nonap-
Hble TPOMOBCKNE NpOon3BeaeHnNs:

(CL, b)p > min [(CL, C)pa (b7 C)p] — 0.
Korga HYy>XHO OB03HA4YUNTb, O KAKOM KOHKPETHO 0 MAeT pedb, roBopuTca o-
HepaBeHCTBO [ poMOBa.

SAMEYHAHWME: HepaBeHcTBO [ poMOBa pPaBHOCUJIbHO Cneayrowemy YCNo-
BUIO:

max(|bp| + |ac| — |ep| — [abl, |ap| + bc| — [ep| — |ab]) = —0.
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F'Mnep6o2IN4YHOCTbL No FpomoBy (NoBTOpeHue)

TEOPEMA: lMNyctb B (X,p) BbINONHEHO d-HepaBeHCTBO [pomoBa. Toraa
anst nto6oii Toukm p’, B (X,p") BbINOMHEHO 2/-HepaBeHCTBO [FpomMoBa.

TEOPEMA: INlyctb B X BbINOJIHEHO d-HepaBeHCTBO [pomoBa. Toraa
X 65-rmnepOboOINYHO.

CJIEAQOCTBWVE: B no6bom i-rmnepbosimy4yeckom nNpocTpaHCTBE BbINOJI-
HeHO 3)-HepaBeHCTBO pomMmoBa.

CJIEAOCTBWVE: I nnep6bo0nN4YHOCTb No ' poMOBY 3KBUBAJIeHTHA rmnep-
6oNMNYHOCTN, onpeaesieHHon 4yepe3 TOHKue TpeyrosibHuKu

SAMEYHAHWE: Korpga rosopaT "onpeaeneHne A rmnep6o/IN4YHOCTU IK-
BUBUANIEHTHO onpeaeneHnto B" 5T0O 3HAYUT, 4TO AN KAaKOro-to 4mcna
C > 0 un3 o-rmnepbosIM4HOCTUM B cMbicnie A cneayetT Co-rmnepOboOJINYHOCTb
B CMbicnie b, a n3 é-rmnepbo/21IN4HOCTU B cMblicne b cneanyeT Co-rnnepOo-
JINYHOCTbL B CMbIicnie A.



Funepbosndyeckme rpyrnsl no [(pomoBy M. Bepbuukunii

Cnabast u cubHasi TOMOJIOrNS1 HA NPOCTPAHCTBE OTOGpa>keHuii

ONPEAOEJIEHME: MNycTb X,Y — mMeTpuyeckme npocTpaHcTBa, a Map(X,Y)
— MHOXXEeCTBO BcCex oTobpakeHuin. Ona To4kn = € X N OTKPbITOro NOAMHO-
>xectBa W C Y, pacCMOTpPUM NMOAMHOXXECTBO U:L,,W C Map(X,Y), cocTosuee
N3 BCex oTobparkeHunin, nepesogAawmx x 8 W. Tonoaorns notTo4e4yHom Cxo-
OANMOCTU, Unun >ke cnabass Tononorna Ha Map(X,Y) 3amaetca npeabasoi
Buaa Uy w, x € X, W CY Ona BCex TO4eK x € X N BCEX OTKPbITbIX NOAMHO-
»ecTB W C Y. Tononornsa paBHOMEPHON CXOANMOCTMN, 0603HaveHHast C9,
3ajaeTcsa 6a3oii BUAa Urs, rhe f € Map(X,Y), 6 > 0, a Urs — MHOXECTBO
BCex oTobpaxkeHun g € Map(X,Y), Takux, 410 d(f(x),9(x)) < 6 Ans BCex
x e X.

VYVTBEPXXOEHWE: MNocnegosaTenbHoCcTb {f;} € Map(X,Y) cxoanTtca K f
B Co TOraa v TONIbKO Toraa, korga lim;sup,cxd(f;(x), f(z)) = 0, n cxoanTcs
K f NMOTOYEeYHO & Ana Kaxkaoro x € X, umeem lim; f;(x) = f(x).

YTBEPYXAOEHUWE: B CO npeanen nocsieaoBaTe/ibHOCTU HenpepbIBHbLIX
OoTOOpa>XeHU HenpepbiBeH, a npeaen C-nunwunuesbiX C-NNNWnLUEB.

YTBEP>XAOEHWME: B cnabown Tononorunm, npeaen nocneaoBaTeNbHOCTU
HenpepbIBHbIX OTOOPpa>KeHni He BCerga HenpepbiBeH, a npegen C-nnnwnueBblX
BCe Xe C-nunuunues.



Funepbosndyeckme rpyrnsl no [(pomoBy M. Bepbuukunii

Teopema TunxoHoBa

VTBEP>XOEHWE: lNycTb X c4eTHO, a Y koMnakTHO. Toraa Map(X,Y)
KOMMNAKTHO B TOMNOJZIONrMN NOTOYEYHOU CXOOUMOCTMWN.

JOKA3ATEJIbCTBO: Jana nocnegoBaTtenbHOCTb {y;(n)} nocnenosaTtenb-
HOCTel To4YeK B Y; HY>KHO BbIOpaTb M3 Hee NognocnefoBaTeNbHOCTb, B KO-

TOopon limyy;(n) cywecTByeT Vi. Bbibupaem nognocneqoBaTeNbHOCTb, B KO-

TOpON limyy1(n) CXOANTCA, OCTABASAEM U3 HEE NEPBbIVE 2NEMEHT, NOTOM Bbl-

OupaeM y 3TOW NOCNeaoBaTENBHOCTU Takyko, 4TOB cxoamnock limy, yo>(n), Bbl-

Onpaem BTOPOW dNEMEHT, N TaK Aafee. m

SAMEYAHME: C4eTHOCTb X He HY>XHa; no Teopeme TuxoHoBa, Map(X,Y)
BCerga KOMMNaKTHO.



Funepbosndyeckme rpyrnsl no [(pomoBy M. Bepbuukunii

Teopema Apuena-AckKom

ONMPEAEJIEHUVE: MeTpun4yeckoe NpoCcTpaHCTBO cenapabesibHO, eCc/sin OHO
COOEP>XUT BCHOAY MNJOTHOE, CYHETHOE MHOXXECTBO, W OrpaHU4YeHHO, ecnun y
HEero KOHeYHbli AnamMeTp.

JIEMMA: TlycTb Xg C X — CYH4EeTHOE, NONHOE NOAMHOXECTBO, Y KOMMNAKTHbI,
X orpaHudeHHo, a {f; € Map(X,Y )} — nocnegoBaTteNbHOCTb C-NUNWNLEBBLIX
oTobpa keHuii. MpeanonoXXnm, 4To fi'xo NOTOYe4YHO cxoanTca. Torga f; Cxo-

antca B CO-tononorum, a npeaen {f;} Toxe C-IUNLNLEB.

JOKASATEJIbCTBO: JInnwnueBoCTb Npeaenia o4eBnaHa, CO-cxoanmocTb
cneanyeT. m

CJIEACTBWVE: (Teopema Apuena-Ackonm ansa nunwmueBbiX oToOpa-
XeHun) MNyctbe X cenapabenbHOE, OrpaHUYEHHOE MEeTpUYecKoe NPOCTpPaH-
CTBO, Y KOMNakTHO a L (X,Y) C Map(X,Y) — npoCTpaHCTBO C-AUNWNLEBLIX
oTob6pakeHuin. Torpa Lo(X,Y) KOMNAKTHO B TOMOJIOrMW paBHOMEPHOM
CXOANMOCTMW.



Funepbosndyeckme rpyrnsl no [(pomoBy M. Bepbuukunii

KBa3ureoge3sndeckmne MmeTpukm Ha rpadax

OINMNPEAOEJIEHVE: (C-kKBa3ureoge3ndeckasa MeTpukKa Ha rpade [ eCcTb
MEeTpUKa d, KoTopas yaosneTeopseT |z — y| < d(x,y) < Clx — y|.

YTBEP>XOEHWE: PaccmoTpum C-KBa3nreoaeanyeckyro MeTpuky Ha I Kak
oTobpaxeHune I x [ i R. Torga d C-nnnwunueBa.

YTBEP>XAOEHWME: PaccmoTpuM NpoOCTPAHCTBO METPUK HA [ KaK MeTpunye-
CKOE€ NPOCTPAHCTBO C METPUKON d(dq1,ds) = SUP(,, y)€ZQ|d1(a:,y)—d2(a},y)|. To-
roa npeanen C-KkBasureognydeckmx MmetTpuk — (-Kkpasnureognydeckas metT-
pUuKa.

CJIEAOCTBWE: lNpocTtTpaHCTBO (-KBas3nreogan4viecKnx MeTpmkKk KOMnakT-
HO.



Funepbosndyeckme rpyrnsl no [(pomoBy M. Bepbuukunii

KBa3ureoaesnydeckKkume

ONPEAOEJIEHUVNE: C-kBa3ureoge3sn4yeckast B METPUYECKOM NPOCTPAHCTBE
M ecTb cnpamnsaemas kpusas v : [0,a] — M, KOTOPOE YAOBNETBOPAET L(’y|[ ) <

Cd(x,y), roe L(7|[x y]) O0O603Ha4YaeT ONNHY OTPE3Ka KPUBOIA.

z,y]

SAMEYHAHUVE: A 6yay N0 YMONYaHUIO CHNTATb, 4TO KBa3ureoaesanyveckume
napameTpu3oBaHbl AJIMHOW KPUBOW, TO €CTb L(’y|[ ]) = |z — y|.
z,y

SAMEYAHUME: «Jlemma Mopca» (B KJAaCCUYECKO hOPMYINPOBKE) €CTb
yTBEPXKAEHNE O FrEOMETPUN NNOCKOCTU (UM NPOCTPAHCTBA) JTo6aveBCKOro H.
na ka>xxaoro C > 1 HanpgeTcsa R Takoe, 4To ntobasa C-KBa3sureoaesnyveckas,
coeaunHAWANA a U b, NEXXUT B R-OKPECTHOCTU oTpe3Ka |[a,b].

Harold Marston Morse, A fundamental class of geodesics on any closed surface
of genus greater than one, Trans. Amer. Math. Soc. 26 (1924), 25-60

ONMPEAOEJIEHUE: lNycTb v — C-KBa3nreoaesnyeckas B reoge3amy4eckom npo-
CTpaHCTBe, a R(y) €CTb MAaKCMMYM pPaCCTOAHUA OT TO4YeK ~ A0 Nroboin n3
KpaTyYanwwmnx, COeaNHALWNX KOHLUbI ~v. JleMMa Mopca yTBep>XAaeT, 4To R(~v)
OrpaHN4YeHO KOHCTAHTOW, KOTOpasi 3aBUCUT TOJIbKO OoT M wn C, Ans
nto6oin C-KBasureoaesnyeckom B rmnepbosimyeckom npocTpaHcTBe M.
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Harold Calvin Marston Morse
(24 March 1892 - 22 June 1977)

.

W e -
|

Marston Morse and colleague at the dedication
of the Institute for Advanced Study at Princeton, 1938.
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Funepbosndyeckme rpyrnsl no [(pomoBy M. Bepbuukunii
NMpeaenbHble MEeTPUKW

SAMEYAHWE: lNMycTb v : [0,a] - M — KBa3sureoaesmndeckas, COeaAnHsAoLLasA
a W b. Toraa meTpuka Ha otpe3ke [0,1] d(z,y) = Mam)c’?(ay)l ABNAETCS
C-KBa3ureone3sn4deckomn.

ONMPEAOEJIEHUE: MNycTb ~v; : [0,a;] — M — nocneaoBaTeNbHOCTb C-KBa3u-
reogesndecknx. NpeanenbHaa MeTpuka ectb (ntoboil n3) npeaenoB nocne-

posaTenbHocTU d(x,y) 1= m(aixz’%(aw”.
1

VTBEP>XOEHWE: NycTb ~; : [0,a;] > M — nocnenoBaTenbHOCTb C-KBa3un-
reogesnyecknx, npuyem lim;a; = oo, a ([0,1],d) — cooTBETCTBYIOLLASA MNpe-
nenbHas MeTpuka. Torga npoctpaHcTeo ([0,1],d) O-runepGoO/INYHO.

JOKASATEJIbCTBO: MeTpuka % g-rmnep60ﬂqua, 3HAYUT, d yooBe-
TBOpAeT O-HepaBeHCTBY [ pOMOBa. m Y

VYVTBEPXOEHWME: MNycTb X — O0-rnunepbonnyeckoe npoCcTpaHCcTBO, a [0,1] :
X — C-kBasureomesnyeckasi. Toraa Y UHBbEKTUBHO U OCylLleCcTBNseT

romeomopdunsm orTpe3ska [0,1] Ha ero o6pas.

JOKASATEJIbCTBO: Bnoxuns X B ero annpokCMMaunoHHOe AepeBO Xy,
CBeleM YTBeEPXKAEHMNE K CNyYato, Korga MeTpuka Ha X reoaesmnmyeckas, n Toraa
X — OAepeBo. m
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Funepbosndyeckme rpyrnsl no [(pomoBy M. Bepbuukunii

Jlemma Mopca: cny4yam ABYYroJsibHUKa

VTBEP>XOEHWE: lNycTb ~; : [0,a;] > M — nocnenosaTenbHOCTb C-KBA3n-
reoge3nyecknx B rmnepbonnyeckom npoCcTpaHCcTBe, npuyem lim;a; = oo, O06O-
3Ha4YMMm 3a X; obbeanHeHme obpasa ~; N OTpe3Ka, COEANHANOWEro KOHUbI ;.
PaccMoTpum MeTPUKY d; Ha rpadpe-«ABYyYyrosbHuKke» { U3 AByX BEPLUVH U ABYX
pebep, NONYHEHHYIO U3 d|X‘ heneHnem Ha a;. Torga y d; eCTb noanocie-

/L ~

JoBaTeNIbHOCTb, PABHOMEPHO CXOASALLASACA K KAKOW-TO NosiymeTpuke d,
N B nonymMmerpuyeckom npoctpaHcTee (O,d) BbinosHeHO O-HepaBeHCTBO
[ pOMOBa.

JOKAISATEJIbLCTBO: lNepBoe yTBeEpXAeHne cneagyeT n3 Apuena-Ackonm,
BTOpPOE - U3 TOro, 4TOo d; YAOBNETBOPAIOT %—HepaBeHCTBy [[pPOMOBa. m
CNIEOACTBWVE: Onsa nro6on nocnenoBaTesibHOCTU ~; KBasureogesndye-
CKUx C lim; a; = co, nMeem Iimi% =

OJOKA3BATEJIbCTBO: B npeaensHom ayyronbHuke ($,d) oaHa u3 CTO-
POH OTCTOUT OT APYron Ha Iimi%. Ho nockonbky (O,d) — AepeBo, 3TOT
ABYYIOJIbHUK SABNSAETCA OTPE3KOM, TO €CTb [AB€ €ro CTOPOHbI CKJ/1€€eHbI.
|
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Funepbosndyeckme rpyrnsl no [(pomoBy M. Bepbuukunii

JlemmMma Mopca: cnydail TpeyrosibHuKa

MycTb ~; : [0,q;] > M — nocnenoBaTenbHOCTb C-KBAa3Ureoae3anyecknx B rn-

nepboaNYEeCKOM MNPOCTPAHCTBE, Npuyem lim;a; = oo n lim; R(vy;) = oo, HO
R(vi) < »&. O6o3Haqmm 3a t; € [0,a;] TOUKy, rae peannsyeTcs MakCUMyMm

paccTosHusa mexay ~(t;) U OTpe3KOM KpaTyaillen, COeANHSHOWMM KOHLUbI
~v;. Mpeanonoxxum, 410 d(t;,v;(0)) < 2CR(~;) ANA BCEX i, 1 BO3bMEM TOYKY
z; € v ([0, a;]) Ha paccTosinum 4CR(~y;) oT v(0). MycTb z, — 6an>kaiiasa To4Ka
K x; Ha OTpe3Ke KpaTdanwen, COeANHAOWEM KOHUbI ;.

PacCMOTPUM KPUBONUHENHbIN TPEeYyrosibHNK Y;, oAHa CTOPOHA KOTOpPOro, obo-
3Ha4YeHHaa U;, eCTb 0Tpe30K ~; oT «;(0) Ao z;, Apyras, o6o3HavyeHHasa V;, eCcTb
OTPE30K reoAe3nyeckoin, coeanHatowmin «; ¢ v(0), TpeTba, o6o3HajveHHas T;
— OTPE30K reoAe3n4eckon, COeANHAOWNA =, C ;.

1(0)

Vi X Ya)

TpeyronbHMK Y; eCTECTBEHHO OTOXXAECTBNAETCA C rpacpom A, y KOTOporo 3
CTOPOHbI N 3 BEPLLUUHbI, cCoeanHeHHble nocnenoBaTenbHo. OOO3Ha4YMM 3a d;
METPUKY Ha A, NHAYUNPOBAHHYIO U3 (Yi,%ﬂ).

7
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Funepbosndyeckme rpyrnsl no [(pomoBy M. Bepbuukunii

Jlemma Mopca: cny4yan TpeyrosibHuka (NnpoaosinKeHune)

CtopoHa U; B (A,d;) ecTb C-KBa3ureogesnyeckasi, pacCTosiHMe Mexxay KOH-
LaMn KOTOPOW paBHO 4C, a npunexauine K Hell CTOpoHbl V; n T, — reoaesnde-
ckue oauHbl < 1, < 4C 4+ 1. 3Ha4uT, ¥y {d;} ecTb nognocnenoBaTesibHOCTb,
KOTOopasi paBHOMEPHO CXOAMUTCA K nonymerpuke d Ha O, n d yaoosne-

TBOpseT 0-HepaBeHCTBY [ pomMoOBa.
t.

/

¥(0)

' X; ¥a)
O603Ha4YMM 3a U C (A, d) npeaen KpusBoaUHERHOW CTOpPOoHbl U, € Y;, V, T —
npeaen V;, T;. Torpa |U| =4C, V| <4C + 1, |T| <1, a (A,d) — nepego.

MNyctb t € U — npeaen t; € U;. Nockonbky d(v(0),t;) < 2CR(v;), TOYKa t NeXXUT
Ha paccToaHum < 2C OT OAHOIro U3 KoHuos U.
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Funepbosndyeckme rpyrnsl no [(pomoBy M. Bepbuukunii

Jlemma Mopca: cny4yan TpeyrosibHnka (OKoOH4YaHue)

YTBEPXXOEHWE: lNMyctb A — T eCcTb oTOBparkeHne TpeyrosibHMKa ¢ CTO-
poHamun U, V,T B aepeBo, npunyem U nepexoanT B OTPEe30K AnuHbl 4C, a T - B
OTpPe30K ANnHblI < 1. Toraa o6pa3 noboit ToUukn U, OTCTOoSALLEen OT TOY-
Kn, coeguHsatowen V n U Ha paccTtosiHne < 2C, coaoep>Xuntcst B obpa3se
V.

Mbl nony4unnun d(t,V) = 0, HO No nocTpoenHuto, d;(t;,U;) = 1, 4TO NpnBOoANT K
NPOTUBOPEYMIO. BHAYUT, U3 Iimi%ﬁ) =0un R(y) < 2“—20 cnenyet lim; R(vy;) <
R < oo.

16



Funepbosndyeckme rpyrnsl no [(pomoBy M. Bepbuukunii

Jlemma Mopca: KPpUBOJIMHENHbLIN 4YeTbIpexyroJibHUK

MycTb ~v; : [0,a;] = M — nocnepoBaTenbHOCTb C-KBA3Ureoae3nyvyeckux B rm-
nepbony4eckoOM MNPOCTPaAHCTBE, NpuyeM lim;a; = oo n lim; R(vy;) = oo, HO
R(v;) < 2“—(@ O603Ha4YmMM 3a t; € [0,a;] TOYKY, rae peannsyeTcss MaKCUMYM
paccTosaHuAa mexay v(t;) n OTPe3KOM KpaTuyaihwen, COeanHAOWNM KOHLbI ;.
Bo3sbMmeM TOuYkM x;,y; HA v;([0,a;]), Takme 4T0 d(x;,y;) = 4CR(~;), a t; neXxxuT
B cepeanHe OTpe3Ka ;, COEANHSAIOLWEro ;, y;. PACCMOTPUM YeTbIPeEXyYroNbHUK
[1;, C OAHON KPUBONUHEWHON CTOPOHOW, NpeaACTaBNArOLWEN N3 cebsa OTPEe30K ~;
OT x; A0 y;, TPU APYrmne CTOPOHblI KOTOPOro — OTPE3KN reoaesandeckux [x;, z;],

[Zi, Uil (Ui, vsl, Toe z;, g; — Onvxaniwne KT, Yi TO4YKM kpaTHanwen [v;(0),v;(a;)].

1

V, % @)
YeTbIpexyroibHuk M; eCTeCTBEHHO OTOXAECTBASAETCA € rpacdoM [, y KOTOo-

POro 4 CTOPOHbI N 4 BeEpLWUHbI, COegNHEHHbIE nocnegoBaTeNnbHO. OB60O3HAYUM
3a d; MeTpUKY Ha [, NHAYUMPOBAHHYIO U3 (I‘Ii,%ﬂ).
7
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Funepbosndyeckme rpyrnsl no [(pomoBy M. Bepbuukunii

Jlemma Mopca: KPpUBOJIMHENHbINW YeTbIpexyrosibHUK (Npoao/I>XKeHne)
t

(&)

OaHa n3 ctopoH (O, d;) ecTb C-KBAa3nreoae3nyeckasi, paCCTosHUE MeXXay KOH-
LaMn KOTOPOW paBHO 4C, ABe Npuaexawime K Hem CTOPOHbl UMET ANNHY < 1,
a NPOTUBOSIEXKALLLAA CTOPOHA — reoge3nyeckas, KotTopasa He annHHee 4C + 1.
3HaunT, ¥ {d;} ecTb nmoanocnenoBaTesiIbHOCTb, KOTOpass paBHOMEPHO

CXOANTCA K nonymerpuke d Ha [0, u d ynosneTsopsetr 0-HepaBeHCTBY
rpomMoOBa.

O6o3Ha4Yum 3a U C (O,d) npenen KpuBOAWHERHOW cTopoHbl U; € My, V —
npeaen NPoOTUBONEXKALLEN el CTOPOHbI V;, a S, T — OCTaBLINECA ABE CTOPOHbI.
Torpa |[U| =4C, |[V|<4C+2,|5|,|T| <1, a (O,d) — aepeso.

Myctb t € U — npeaen t; € U;. Nockonbky Cd(y(x;),t;) = |xv; — t;| = 2CR(~;),
TOYKA t NEXXUT Ha PACCTOAHUM > 2 OT KOHUOB U.
18



Funepbosndyeckme rpyrnsl no [(pomoBy M. Bepbuukunii

Jlemma Mopca: KpUBOJIMHENHbIA 4YeTbIpexyrosibHNK (OKOH4YaHue)
t

1

1(0)

(&)

YTBEPXOEHWE: llyctb U— T ecTb oTOOparkeHne KBagpaTa B AOEPEBO,
npuyemM BepxHAA CTOpoHa U nepexoanT B OTPE30K ANuHbl 4C, npunexxawme
K HEel CTOPOHblI - B OTpe3kn annmHbl < 1. Toraa o6pa3 ntoboit Touku U,
OTCTOSLWEeNn OT KOHUOB HA pacCTosiHue > 1, coaep>Xmntcst B obpa3e V. m

Mbl nony4unu d(t,V) = 0, HO no nocTpoeHuto, d;(t;,U;) = 1, 4TO NpuBOANT
K NPOTUBOPEYND. 3HAYUT, U3 Iimi% = 0 cnepyeT lim; R(v;) < R < oo.

1

19



Funepbosndyeckme rpyrnsl no [(pomoBy M. Bepbuukunii

JlemmMma Mopca: oOKOH4YaHune gokKa3aTes/ibCTBa

CIEAOCTBWE: Ecam ~; : [0,q;] = M — nocnepoBaTe/ibHOCTb C-KBa3u-
reoge3nydyecknx B rmunepGosin4ecKkomMm npocTpaHcTee, To lim R;(v;) < oo.

JOKA3ATEJIbLCTBO: |lim; R(%) = 0, 4TO cneaveT U3 aprymMmeHTa C ABYY-
rOJIbHUKOM, HO B OTOM CJly4ae I|m R;(v;) < oo, 4TO cneayeT U3 pacCMOTPEHUS
TPEXYrONbHUKA U YeTbIPexXyrojbHUKA. &

Jlemma Mopca Aoka3aHa. CyulecTByeT Apyroe AokKa3aTesibCTBO JieMMbl
Mopca aona é-reoge3ndecKnx NpoCcTpaHCTB, rae oueHka Ha R nonyda-
eTCcs, Kak pyHKuUna ot C n 9.

SAMEYAHWE: Mbl goka3sanu, 4To KBa3nureogesandeckasa NexxnT B R-okpecT-
HOCTWN reoae3nyeckoi, coeamnHayroulein ee koHubl: S C T(R). TOT >Xe apry-
MEHT noka3biBaeT, 4To T C S(R).
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