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Class assignment 2: almost complex structures

Exercise 2.1. Construct a left-invariant, integrable almost complex struc-
ture on the Lie group SU(2) x SU(2).

Exercise 2.2. Let M be a compact complex surface.
a. Prove that all holomorphic differential forms on M are closed.

b. Find a compact complex 3-manifold which admits a non-closed holo-
morphic differential form.

Definition 2.1. Let M be an n-dimensional complex manifold. Fixing a
volume form, we may identify AY'(T M) (pseudo-Hermitian forms on T*M
and A1 (M), A form n € A" (M) is called (strictly) positive if
all eigenvalues of the corresponding (1,1)-form on 77 M are (strictly) positive.

Exercise 2.3. a. Prove that any strictly positive (n — 1,n — 1)-form 7 is
equal to w™ ! for some Hermitian form w on M.

b. Find a counterexample when 7 is not necessarily positive.

Exercise 2.4. Let (M, ) be a smooth almost complex manifold equipped
with a transitive action of a group G. Assume that [ is G-invariant (such a
manifold is called homogeneous). Assume, moreover, that for some = € M
there exists an element 7, € G fixing . Consider the induced action of 7,
on T, M; denote this operator by .

a. Suppose that 7 = Ald, where A\ € R. Prove that for all A # 1, the
almost complex structure I is integrable.

b. Construct examples of such (M, ), G and 7, for each A € R.

c. Construct a homogeneous almost complex manifold which is not inte-
grable.

d. Suppose that 7 is not a scalar, but all its eigenvalues «; satisfy 9 <
la;| < 10. Prove that the almost complex structure I is integrable.
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