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Class assignment 5: Hypercomplex manifolds

Exercise 5.1. Let (M, I, J, K) be a hypercomplex manifold, d; := IdI~1 d; :=
JdJ 7V dg == KdK™', and D := dd;djdg : A (M)— A*T(M). Prove
that D is independent from the choice of a basis I, J, K in quaternions.

Exercise 5.2. Let (M, I, J, K) be a hypercomplex manifold, and V a torsion-
free connection preserving I, J; K (such connection is called the Obata con-
nection). Consider M as a complex manifold (M, I). Prove that V%' = 9
on AP°(M), where

51 AJO(M) — APL(M) = APO(M) & AT (M)
Prove that V() = J(8 () 2 X) for any n € A}*(M) and X € T;°(M).

Exercise 5.3. Construct a nilpotent Lie group with a non-trivial left invari-
ant hypercomplex structure.

Definition 5.1. Let (M, I, J, K') be a hypercomplex manifold, and ¢ a quater-
nionic Hermitian metric. Consider the corresponding 2-form € := w; +

V—lwg € A*°(M,I). The metric g is called HKT if 9Q = 0, where

O : A*O(M,T) — A*°(M, I) is the standard Hodge differential.

Exercise 5.4. Let (M, 1,J, K) be a hypercomplex manifold, g a quater-
nionic Hermitian metric, and Q := w; + v/—1lwg € A*°(M,I). Prove that
002 = 0 if and only if dw; has weight 1 with respect to the natural SU(2)-
action on 3-forms.

Exercise 5.5. Let g be a Kahler metric on (M, 1), where (M, 1, J, K) is
hypercomplex, and g; be g averaged with the natural SU(2)-action. Prove
that ¢, is HKT.
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