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Hodge theory 9: Elliptic operators
Rules: You may choose to solve only “hard” exercises (marked with !, * and **) or “ordinary” ones
(marked with ! or unmarked), or both, if you want to have extra stuff to work. To have a perfect score,
a student must obtain (in average) a score of 10 points per week.

If you have got credit for 2/3 of ordinary problems or 2/3 of “hard” problems, you receive 6t points,
where t is a number depending on the date when it is done. Passing all “hard” or all “ordinary” problems
brings you 10t points. Solving of “**” (extra hard) problems is not obligatory, but each such problem
gives you a credit for 2 “*” or “!” problems in the “hard” set.

The first 3 weeks after giving a handout, t = 1.5, between 21 and 35 days, t = 1, and afterwards,

t = 0.7. The scores are not cumulative, only the best score for each handout counts.

9.1 Hodge ∗ operator

Using the Riemannian metric on a manifold M , we can construct a natural
metric on all tensor powers of the tangent and cotangent bundle, in partic-
ular, on Λ∗(M). We normalize the metric on Λk(M) in such a way that the
basis

ξi1 ∧ ξi2 ∧ ... ∧ ξik , i1 < i2 < ... < ik

is orthonormal, for an orthonormal frame ξ1, ..., ξn ∈ T ∗M .

Definition 9.1. Let M be an oriented Riemannian manifold, and ξ1, ..., ξn
an oriented orthonormal frame in T ∗M . The Riemannian volume form
Vol is ξ1 ∧ ξ2 ∧ ... ∧ ξn. Further on, all Riemannian manifolds are assumed
oriented and equipped with Riemannian volume.

Exercise 9.1. Let η ∈ ΛkM be a differential form, and ∗η ∈ Λn−kM a form
which satisfies (η, ξ) VolM = ∗η ∧ ξ for any ξ ∈ ΛkM .

a. Prove that ∗η is uniquely determined by this relation.

b. Prove that ∗η exists for any η.

c. Prove that in the basis ξi1 ∧ ξi2 ∧ ...∧ ξik defined above, the operator ∗
is written as follows:

∗ξi1 ∧ ξi2 ∧ ... ∧ ξik = σξj1 ∧ ξj2 ∧ ... ∧ ξjn−k

where {j1, j2, ...jn−k} := {1, ..., n}\{i1, i2, ..., ik}, ordered by j1 < j2 <
..., and σ = ±1 is the signature of the permutation (j1, j2, ...jn−k, i1, i2, ..., ik).

Exercise 9.2. Let ξ be a k-form, and η an (n− k)-form. Prove that

a. (∗η, ξ) = (−1)k(n−k)(η, ∗ξ)
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b. ∗(∗η) = (−1)k(n−k)η.

Exercise 9.3 (!). Find the eigenvalues of ∗ on Λ
n
2M for even-dimensional

M , and dimension of the eigenspaces.

Exercise 9.4 (*). Let M be a pseudo-Riemannian manifold with the metric
of signature (n− s, s). Prove that ∗(∗η) = (−1)k(n−k)+sη.

Exercise 9.5 (!). Define d∗ : Λk(M)−→ Λk−1(M) using the formula d∗ :=
(−1)(n+1)(k+1) ∗d∗. Prove that for any form ξ with compact support, one has∫

M

(d∗η, ξ) VolM =

∫
M

(η, dξ) VolM.

Hint. Use the Stokes’ formula:∫
M

(d∗η, ξ) VolM =

∫
M

(d∗η, ξ) VolM = −
∫
M

d ∗ η ∧ ξ

=

∫
M

∗η ∧ dξ =

∫
M

(η, dξ) VolM

Remark 9.1. This implies that d and d∗ are adjoint.

9.2 Laplace operator on differential forms

Definition 9.2. Define the Laplace operator ∆ on differential forms using
∆η := dd∗η + d∗dη.

Exercise 9.6. Let
ΛkM ⊗ Λ1M

i−→ Λk−1M

be the “interior multiplication” map taking a tensor η ⊗ θ ∈ ΛkM ⊗ Λ1 to
η y θ], where θ] is a vector field dual to θ. Prove that

ι(η ⊗ θ) = (−1)(n+1)(k+1) ∗ (∗η ∧ θ).

Exercise 9.7. Consider the exterior multiplication map

ΛkM ⊗ Λ1M
e−→ Λk+1M.

Let ∇ be a Levi-Civita connection on a Riemannian manifold M .

a. Prove that dη = e(∇η).

b. Prove that d∗η = ι(∇η).

Hint. Prove that dη = e(∇η) is equivalent to ∇ being torsion-free.

Issued 21.03.2018 – 2 – version 1.5, 31.03.2018



Hodge theory 9: Elliptic operators Misha Verbitsky

9.3 Elliptic operators

Definition 9.3. Let B be a vector bundle on M , and Tot(B) its total space.
Zero section is the set of all zero vectors in TotB.

Definition 9.4. Let F,G be vector bundles on M . Consider the space
Si(F,G) := Diffi(F,G)/Diffi−1(F,G) = Symi(TM) ⊗ Hom(F,G). Sym-
bol of a differential operator is its class σ(D) ∈ Si(F,G). The operator D
is called elliptic if rkF = rkG, and for any non-zero point θ ∈ Tot(T ∗xM)
the symbol σ(D) evaluated at θ ⊗ ...⊗ θ︸ ︷︷ ︸

i times

is a non-degenerate as an element

of Hom(F,G)
∣∣
x
.

Exercise 9.8. Let D1 : F −→G, D2 : G−→H be differential operators,
with F,G,H vector bundles of the same rank.

a. Prove that the composition D1 ◦D2 is elliptic if D2, D2 are elliptic.

b. Prove that D1 and D2 are elliptic if D1 ◦D2 is elliptic.

Exercise 9.9. Let ∆ : C∞M −→ C∞M be the Laplace operator on a Rie-
mannian manifold. Prove that it is elliptic.

Exercise 9.10 (!). Let D : F −→G be an elliptic operator, and D∗ is
Hermitian adjoint. Prove that D∗ is also elliptic.

Exercise 9.11 (!). Let ∇ : B −→B ⊗ Λ1M be the connection, and ∇∗ :
B ⊗ Λ1M −→B its Hermitian adjoint. Prove that ∇∗∇ is elliptic, and its
symbol is equal to −g ⊗ IdB, where g ∈ Sym2 TM is the metric tensor.

Exercise 9.12 (!). Consider the operator d + d∗ : Λ∗M −→ Λ∗M . Prove
that it is elliptic.

9.4 Elliptic operators of second order

Exercise 9.13. Let D : C∞M −→ C∞M be an elliptic operator of second
order. Prove that σ(D) ∈ Sym2(TM) is a positive definite or negative definite
bilinear symmetric form.

Remark 9.2. From now till the end of this handout, D : C∞M −→ C∞M
is a differential operator of second order, the symbol of D is positive definite,
and D(1) = 0.
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Exercise 9.14. Let f ∈ C∞M be a function which has a local maximum in
z. Prove that D(f)(z) 6 0.

Exercise 9.15 (!). Let f ∈ C∞M , and D(f) > 0. Prove that f cannot
have a local maximum anywhere on M .

Exercise 9.16. Let

D(f) =
∑
i,j

Aij
d2f

dxidxj
+
∑
i

Bi df

dxi
, (9.1)

be an elliptic operator, D(f) > 0, and λ > 0 a number which satisfies
λA1,1 > −B1. Let φε := εeλx1 . Prove that D(f + φε) > 0 for any ε > 0.

Exercise 9.17. Let D : C∞Rn −→ C∞Rn be an elliptic operator defined
as in (9.1), Ω ⊂ Rn an open subset with compact closure, and f a function
which reaches its maximum in Ω.

a. Prove that one may chose λ > 0 in such a way that λA1,1 > −B1 on Ω.

b. Let δ := supΩ f−sup∂Ω f > 0. Chose ε in such a way that supΩ φε <
δ
2
.

Prove that f + φε reaches its maximum inside Ω.

c. Prove that D(f + φε) > D(f).

Exercise 9.18 (!). (weak maximum principle for elliptic operators).
LetD : C∞M −→ C∞M be an elliptic operator of second order, withD(1) =
0 and positive definite symbol, and f ∈ C∞M a function which satisfies
D(f) > 0. Prove that f cannot have local maxima.

Hint. Use the previous exercise

Exercise 9.19 (*). (Strong Maximum Principle)
In the assumptions of the previous exercise, prove that f(m) < supM f for
any m ∈M .
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