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4. Teopusa mepsbl, JeKnus 4:
byneBbl ajredpbl 1 U3MepuMble MHOXKECTBA,

4.1. ByneBbl aaredopbl

Onpepesienne 4.1. Ilycrs (, %) — 9aCTUYHO YHOPSIJIOYEHHOE MHOXKECTBO, a S — €ro HOJIMHOXKECTBO.
Bepxusas rpasb inf S ecrs ayiemenT m € M, KOTOpBIN YJIOBJIETBOPSIET M 5= § JJIsT KaXKJA0ro s € S.
Tounasi BepXHsisi IpPaHb sUp S e€CThb Takasi BepxHsis rpaub m € M, aTo jyisi Jio0oi Jpyroil BepxHeit
rpanun m’ umeem m < m’. AHaJOrMYHO Olpe/ie/igeTcs TOYHAas HUXKHAS I'paHb inf S.

Sameuanue 4.2. TBI' u THI' He Bcerma cymecTByer.

Onpegesienne 4.3. Perrerka 370 9acTUYHO yIIOPSI0YEHHOE MHOMKECTBO S TaKoe, UTO JIst JIOOBIX
s,s' € S cymecTByeT TouHasl BepXHss I'paHb TV s M TOUYHAs HUXKHsA IPaHb S A s’

Sameuganue 4.4. DTu oneparyn yJA0BJIETBOPSIOT CJIELYIONNM YCJIOBUAM (JOKaXKuUTe 3TO).
a. memmoTreHTHOCTB: a Aa =a V a = a.
6. Kommyrarusnocts: a Ab=bAa,aVb=>bVa.
B. Accommarusroctb: a A (bA¢c) =(aANb)Ac,aV (bVe)=(aVb)Ve,

r. A6copbiusi: aV (a Ab) =a, a A (aVb)=a.

Samada 4.5. [loxkaxkure, HA0OOPOT, ITO KazKI0€ MHOXKECTBO, CHAOXKEHHOE Mapoil OMHAPHBIX OMepaIfiit
/\7\/ yILOB.HeTBOpHIOH_[I/IX BLIINIENTPUBEICHHBIM yC.HOBI/IHI\l, CHa.6)KeHO JaCTUIHBIM IIOPAIKOM M SABJIACTCHA
PeleTKoil.

Onpenenenue 4.6. Exqunuiieil pererkn HA3bIBACTCS MAKCUMAJIBHBIN 3JIEMEHT, HYJIEM — MUHUMAJIb-
uelii. /lormosiHeHneM —x it 9JIeMeHTa penieTkn © € A HaspBaeTcd Takoil y € A, uto x Ay = 0,
rVy=1

Onpenenenue 4.7. ByneBa anredpa ectb pernerka A, yI0BIETBOPSIIONIAs CJIEIYIOIIMM CBOHCTBaM.

a. B A ecrs 0, 1 u gonosiHeHne —x JiIs KaxXKJ0ro jaeMeHTa T € A.
6. ducrpubyrusaocts: (aVb) Ac= (aNc)V(aAc), (@aANb)Ve=(aVec)A(bVec).

Samaua 4.8. Jlokaxkure, 9T0 U3 0AHON (HOPMYJIBI [JIsT TUCTPUOYTUBHOCTH, TPUBEIEHHON BBIIIE, BHIBO-
JUTCS JIpyrasl.

ByseBnl anredbpbr Upe3BLIYATHO MOJIE3HBI B JIOTHKE U MHMOPMATHKE, NOO IPUBEIEHHBIE BLIIIE AKCHU-
OMBI OIMCBLIBAIOT JIFOOYIO JIOTHIECKH HEIIPOTHBOPEYUBYIO CUCTEMY yTBEpXKIeHUil. B Takoil murepmpera-
muu, 0 310 JIOXKL, 1 uctuna, — orpunanue, A "u", a vV "uan".

Toit ke camoii crucTeMoil aKCHOM OIMCHIBAETCsT HAOOP IOAMHOXKECTB, 3aMKHYTBIX OTHOCUTEIHLHO KO-
HEUYHBIX I[epecevyeHuii, oObeuHeHnil 1 jponoaHeHnii (B jekmuun 1 9T0 Ha3bIBAJIOCH "KOJIBIO MOJMHO-
x)ectB ¢ equnuieit"). 3namennrasi Teopema CTOyHA O HPeJCTABUMOCTU OyJIeBBIX ajrefp yTBEpXkK/aer,
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aT0 J0basi OyseBa aaredbpa ecTb KOJIBIIO OTKPBITO3AMKHYTHIX TOAMHOXKECTB KOMITAKTHOTO, XayCAOp-
¢doBa, BIOJIHE HECBSAZHOIO TOMOJIOIMYECKOTO MPOCTPAHCTBA, KOTOPOE OJHO3HAYHO OIPEIEISeTCsT ITOMH
OyJ1eBoil ayrebpoii.

[TepBonadaibHO, onpejereHne GyIeBbIX aarebp OBLIO METUKOM aKCHOMATHIECKOE — B TEPMUHAX OTle-
pamuit A, V U JOBOJILHO OOraToil CucTeMbl aKCHOM, KOTopas HasbiBaercsa "sakonbl jge Moprauna'. s
HAINUX TeJel, OyIeT elne Moje3Hee TPEThsl, COBCEM ajirebpandeckasi HHTePIpeTalusi OyIeBbIX aarebp,
B TepMmuHax "OysieBbix KoJerr".

Anrebpandeckoe OMUCAHNE JJOTHIECKUX TIPOTECCOB KAXKETCsT cefiuac MoYuTH TPUBUAILHBIM, HO B 19-M
BeKe 9TO Obljla OJIHA U3 IEHTPATBHBIX TeM MeTabU3UKH, JIOTUKN 1 MareMaTuku. V3o06perenne Bynem u
J1e MopraHoM MOIXOISIIIEr0 aaredpPanIeckoro OMUCAHIS TTOABEIO IEPTY MO COTHIMU JIET HATPSIZKEHHBIX
UCCJIEJIOBAHN METADU3UKH MBICTIH.

Jle Mopran BbICKa3aJICsi O PEBOJIIOIMOHHBIX MCC/IEIOBAHUSAX DBysrst Tax.

... To, 4Mo cuMBoAUMECKUE NPOUECCH, USOOPEMEHHBIE AA2EOPAUCTAMU OAA HYUCACHHLT GOIHUCACHU,
OKAHCYMCA NPUMEHUMbBL OAA BUPAHCEHUA KANHCA020 TOOG MBICAU, U NPEAOCMABAM, 2PAMMAMUKY U CAO-
8aPL OAA BCEOOBEMMOUET NORUMECKOT CUCTNEMbL, KA3AAOCH HEBEPOAMHBIM, NOKAG IMO He 6viA0 J0KA3AHO.
Kozda I'066c onybarukosan ceow knuzy "Buuucserue uiu sozuka”, on Habaodas omdasernnovill omoaeck
HEKOMOPUT Udel, U3 MET, KOMopbvie OviAU 0CBeuLeHbl 6 mpydax mucmepa Byasa...

George Boole
(2 November 1815 — 8 December 1864)

Jxopmx Bysb 6611 camMoyUka, u He uMest popmasibHoro obpaszosanusi. Ero orery Jlxxkon Bysib, camox-
HUK, ObLJI y4EeHBIM-JIIO0UTEIEM, U BMECTO 3aHATUS 00yBbIO IIPOBO/IMII BPEMS B HAYYHBIX IKCIIEPUMEHTAX;
U3-3a ITOrO €ro ceMbs Obljaa HeOOTraTol. YCMOTPEB B CBOEM CbiHe HadaTKu renus, J[xxon Bysib cras
o0ydJarh ero mMareMaThke M KOHCTPYUPOBAHUIO ONTHUYECKUX WHCTpyMeHTOB. B 14 jier xopmx Bymb
CaMOCTOSITEJILHO BBIyYUJI I'PEYECKUHl S3bIK, U OIIyOJMKOBaJ COOCTBEHHBIN HEPEBO/] U3 IPEYECKOTO I109TA
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Menearpa.

Bysnb 6bu1 crapimmmM ceraoM B cembe. Korma emy ucnosnmiocs 16, Byso npumiioch yerpouThest Ha
paboTy, 4TOOBI CosiepyKaTh pojuTeell, OpaTheB U CecTpy, KOTOpble coBceMm obuuiam. Hecmorpst Ha
9TO, OH IIPOJIO/IKUJI 3aHATHS HAYKOW, U CAMOCTOATEIbHO M3YUUJ MAaTEeMAaTUIeCKuil anajmn3. B ckopom
BpeMeHU OH oIybsmKoBasl (¢ momoribio Je Moprana) HECKOJBKO HAYYHBIX CTATel, MOCBSIIEHHBIX [PH-
MEHEHHIO ajredpamvdecKux METO/IOB B aHAJIM3e, W 3a ITU IIyOJUKAIMH MTOIydInI Mea b KopoaeBckoro
o0IriecTBa, a moToM cTaJj IpodeccopoM.

Bumzke K KoHITY »Ku3HE (& MPOXKUJI OH HEJOJIr0), ByJib cTaja 3HAMEHUTOCTBIO, 38 CUET PEBOJIIOIMOH-
HBIX MCCJIEJIOBAHUN B JIOTUKE. Eiro BEIOpa/n HoueTHbIM JIOKTOpoM yHUBepcuTeToB OKcdopma u lybauna,
u akaJeMukoM (rounee, uieHoM Koposesckoro ObmiecTsa).

Byab ymep or mpoctyapt, 49 et ot poay. OTIPaBUBIINCE U3 JOMa IUTATH JEKIMH B CBOM KOJLIETK,
Bynb npomok mos JroxKieM, u auTas JEKIUH COBEPINEeHHO MOKPbIM. OH BEepHYJICS JOMOI ¢ BBICOKOM
TeMIilepaTypoii; xkena Byuist, Mapu Depecr (mieMsiHHUIA 11€PBOOTKpBIBaTesst J[:KOMOIYHIMBI) ObLIa
CTOPOHHUKOM HETPAJUITMOHHBIX METOJIOB JICUeHUs, U Jeduia HoJ00Hoe 1000HbIM. OHA MTOJI0KUIIA €ro
B KPOBaThb U BBLJINJIA HECKOJHKO BEIEP XOJIOMHONW BOIBLI HA AKAJIEMHUKA, CINTAS, UTO ITO IOMOXKET €My
BBLIEUUTHCSH, HO ByJib BMecTO 3TOr0O yMmep.

Byab umen 5 modepeil, ojiHa U3 KOTOPBIX MPOCJaBUIACH Kak JTesib Jlunuan BoitHud, aBTop moiry-
Jiipaoro poMana "Opoa" mpo peBoJIIOIMOHEDPOB.

4.2. ByneBbl KOJIbIA
XOpOH_II/Iﬁ IIpUMEDp pelmeTKU IIoJyvdaeTCsd, €CJIM PaCCMOTPETHL MHOXKECTBO HJIEMIIOTEHTOB.

2:

Onpenenenne 4.9. I1eMIIOTEHT KOJIbIA €CTh 9JIEMEHT, KOTOPBIN yIO0BJIETBOPSET Q a.

Yopaxkuenue 4.10: x gaBjisgeTcss UIEMIIOTEHTOM TOIJA U TOJbKO TOr/a, Korja 1 — & — HIEeMIIOTEHT.

3ameuanue 4.11. Eciu z,y — uaeMrnoTenTs B KOJblie, TO £y, 1 — x u 1 — y — TOXKe WIAEeMIOTEHTHI.
Buaunr, z +y — 2y =1— (1 —z)(1 —y) — waeMooTeHT.

Yupaxkneuue 4.12: Ilycte R — koJiblio, a S — MHOXKeCTBO Bcex umjeMioTeHToB B R. Orpemennm
COOTHOIIIEHNE < Ha S CAeAyomuM obpazoMm: © < y, ecan xy = x. JloKaxKute, 9TO 9TO OTHOIIEHUE
YaCTUYHOI'O TOPSJIKA.

YrBepxkaenune 4.13: [Iycrs R — KOJIBIO XapaKTepUCTUKU 2 (TO €CTh YJIOBJIETBOPSIOIIEE COOTHOIIE-
o 2 = 0). Torua uaeMnoTeHTsl (C BBIIIEOIMCAHHBIM OTHOIIIEHUEM ITIOPsiiKa) 00pasyIoT PeIIeTKy, e
onepanuy 3alliUCbIBalOTCA TaK: T Ny =2y, u xVYy =2 + Yy + 2y.

okazaresibcTBO: VIeMIOTeHTHOCTh & + ¥y + Ty OYeBHJHA, a TaKyKe COOTHONIEHUS TY <X T <
r+y+xy (HpOBepre 9T0). Ecm z X ¢ u 2z <X y, 9T0 3HAYUT, 9TO 2 = 2 = 2Y, HO B TAKOM CJIydae
zay = z. CilenoBaTesIbHO, TY €CTh TOUHAs HUXKHsIsl TpaHb MHOXKecTBa {x,y}. Ecim 2z %= z u z = y, 1o
z-(r+y+ay) =zx+ 2y + zxy = 3z = z, 3HAUUT, T + Y + TY — TOUHAsI BEPXHsisl Tpadb {T,y}. W

Omnpenenenne 4.14. ByjieBo KOJIBIIO eCTh KOJIBIIO, BCE 3JEMEHTBI KOTOPOI'O — MIEMIIOTEHTHI.

3ameuanue 4.15. [Iycte R — 6yseBo kosbio. Torna R umeer xapakrepuctuky 2. B camowm jserte, B
Takom Kosibtie 2 =22 = (1 +1)2 =1+ 1+ 2.
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Crenyromast ¢pyHIaMeHTaIbHas TeopeMa JoKa3aHa aMepuKaHCKuM MaremarukoMm Mapmasrom Cro-
ytaoM B 1930-e rozpl (910 TOT 2)Ke camblit CToyH, KoTopoMmy npuHaieskut reopema Croyna-Beiteprirpacca
0 npub/IMKEeHNY HEIPEPbIBHBIX (DYHKIMH T0JIMHOMUAIIBHBIMHE).

Teopema 4.16: ITycts R — 6ysieBo kKosb110. Torma ero perrerka ujaeMIoTeHTOB — OyseBa ajarebpa. Bosee
Toro, Jjiobast OyJieBa ajarebpa MoJIydaeTcss TAKUM 00pa3oM.

HokazareabcTBo: Hajnutime enuHuIbI, Hy/Is U JIOIOJHEHUS B TAKOH pererke ovueBuIHO: 1 ecTh 1
koJiblia, 0 ectb 0, a jonosiHenue K = 310 1 — & (nposepbre 310). YT0OBI IPOBEPUTH IUCTPUOY TUBHOCTD,
BBIYHC/IIEM

(@Nc)V(aNc)=ac+bc+abec=(aVb)Ac,
(aVe)N(bVe)=(a+cH+ac)(b+ c+ bc) = ab+ ac+ abc + be + ¢ + be + ac + 2abe =
=ab+ ac+ abc = (a AN b) V c.

MpbI fokazajin, 9TO peneTka UIeMIOTEHTOB B OyJIeBOM KOJIbIle ecTh OyseBa ajrebpa. UTobbl qoka3ars,
9TO Kaxkast OysieBa ajaredpa moJIyIaeTcsl TAKUM 00pa30M, HAIWIIEM B OyJ1eBoil ajarebpa A npousBeeHne
dopmyioit xy :=x Ay, a cymmy = +y = zAy, rae xAy := (x Vy) A —(x Ay) 0bo3HAUAET OLIEPAIIIO B
OyseBoii asirebpe, U3BECTHYIO Kak "cuMMeTprudeckasi pasHocTs' mim ke "uckirogaroree MJIN".

Ocrasoch TPOBEPUTD, YTO 9TO OyAeT OYJIEBO KOJBIO. ACCOIMMATUBHOCTD U KOMMYTATHBHOCTD YMHO-
JKEHUsT OUYEeBUJIHA, & PABHO M KOMMYTATUBHOCTH CUMMETPHYECKON paszHocTu. Epunura n 0 B OyieBoMm
KOJIBITE T€ 2Ke, 9TO U B ajredpe. JlucTpuOyTMBHOCTD yMHOYXKEHUS CJIEAyeT U3 AUCTPUOYTUBHOCTH A 1 V,
HO IPOBEPKA YyTh MEHee TPUBHAJIbHA. S PEKOMEH/IYI0 YUTATEIO IIPOJEIaTh 9TO BbIYUCICHNE (& TaK¥Ke
JIOKA3aTeIbCTBO ACCOIMATHBHOCTH CHMMETPUYIECKAX PA3HOCTEN) CAMOCTOSATEIBHO.

BMmecro npsimoro BbraucsieHust (KOTOPOE JeMEHTApHO, HO He CJIMIIKOM KPACHBO) si IIPUMEHIO IyTh
6oJiee KOHIIENITYAJILHBIN apryMeHT, OCHOBAHHBIN HA MOHSTAN ujeasa B OysieBoil aaredpe.

Onpenenenne 4.17. Ilycte A — GyneBa anrebpa, a I C A — mogmuoXkecTBO B A. OHO Ha3bIBETCS
uaeasioM, ecjii I 3aMKHYTO OTHOCUTE/BHO omeparuit V, A U —, U JUist KaxXJapix a € A, & € I, umeer
Mecto a A€ € 1.

3ameuanne 4.18. Ormernm, uTo ecau OyneBa anrebpa A mocrpoena mo OyneBy Kobily R, TO OyneBn
njeasbl B A — To ke caMoe, 9TO OOBIYHbIE HJleaibl B KoJiblle R (poBepbre).

Omnpenenenne 4.19. Ilycrs I C A — GysieB uieast. OnpeenM Takoe COOTHOIIEHNe B A, & ~7 1, eciin
s Kakux-1o £,& € I, mumeem x V € = y V £'. Jlerko BUAETH, 9TO 3TO COOTHOIIEHHE SKBUBAJIEHTHOCTH,
u Ha dakrope A/ ~ BO3HHKaeT ecreCTBeHHasi CTPYKTypa Oy/eBoil anre6psl (nposepbre 310). Takast
6ysieBa anrebpa HasbiBaeTcs PaKTOP-aJIreépoii mo GyneBy uaeany I, u obosnadaercs A/l

Sameuanne 4.20. IIposepka Toro, uro A/ ~j — GyseBa asirebpa, Bemercs tak. CHadana Ha A/ ~j
OIIpeJeJIAeTCA OTHOIIECHHEe YaCTUYIHOIO NOPSAKA =7, MHIAYLNHpOBaHHOE ¢ A, ciaemyromuMm o0pa3oM: a
mod I <7b mod I, ecmn aVEKOVE ma &, €. EcmmaVE xbVE ubV & <aVE), sro naer

aVEVESOVE VL SaVEVE
nobasisist V& V & V &V &) kK obonM gacTsM, T10JLyIaeM
aVEVEVEVEIDVEVEVEVEKaVEVEVEVE

To ectb aV & VEVE =bVE V&V E n < aHTUCUMMETPUYHO; TPAH3UTUBHOCTD TOIO OTHOIICHUS
ouesuaa. CylecTBoBaHUe TOYHOl HUXKHE 1 BepxHeil rpanu u quctpubyruBHocThb B A /I uHyupyercst
C AHAJIOTMIHBIX COOTHOIIEHUN B A.

HMY, ocensb 2010, BTOpPO#t KypC, JeKius 4 - 4 - VERSION 1.1, 26.11.2010



Teopust mepsbr, Jexrus 4 Mura Bep6I/ILLKI/Ifl

Bameuanme 4.21. Bysess! njeansl B A/I B3auMHO-0JJHO3HAYHO COOTBETCTBYIOT OYJIEBBIM HJl€ajiaM B
A, conepxammum I (mpoBepbTe 3T0).

Omnpenenenne 4.22. Bynes njpean I C A Ha3bIBaeTCsT MAKCUMAJIBHBIM, eciii [ # A, 1 He CyIIecTByeT
uyesios I’ mpomexkyTounsix Mexy I u A, To ectsb yunosnersopsiomnx [ C I' C A.

Sameuanue 4.23. 3jech Bce TO XKe CaMoe, YTO M B OOBITHOI KOMMYTATHBHOI ajiredpe ¢ miueajaMu U
MaKCUMAJbHBIMU HUJIea/TaMH.

IMpumep 4.24: Ilycts A, < — 6yneBa anrebpa, a a € A — kakoii-ro smement. Torya MHOXKeCTBO [4 :=
{be A | b= a} ecrb umean B A.

CaencrBue 4.25: Ecin [ C A — makcuMmasibHblil nieasn, o Oyiesa aarebpa A/l cocrour u3 aByx
3JIEMEHTOB. W

Eciin a npuHaIe2KUT MaKCUMAJIBHOMY HJeasTy, TO —a He HnpuHaLIekuT emy. C Ipyroil CTOpOHBI,
CTaHJAPTHBII apryMeHT, JOKa3bIBAIOIIUN CYIECTBOBAHNE MAKCHUMAaJbHBIX HJ€aJIOB, IIOKa3bIBaeT, YTO
KaKJIbIil 3/1eMeHT OyJIeBOIl aJireOphl JIEXKUT B KAKOM-TO MAKCHMAJIBHOM Hjeasie. DTO JOKa3bIBaeT CJie-
JyIolee IMOJIE3HOE yTBEPKIeHNE.

YrBepxkaenune 4.26: [lycre A — GyneBa anrebpa, a & — MHOXKECTBO BCEX MAKCHMAJILHBIX WJIEAJIOB

v
A. Paccmorpum npomssejienne 6ynesbix anredp [[;cg A/l m nycrs A — [];cg A/I — ecrecrennoe
orobpaxkerune. Torma ¥ ecTb MHHEKTUBHBII TOMOMOPGU3M Oy/IeBLIX aJreop. |

Temepp MbI MOXKeM J0Ka3aTh Teopemy 4.16 00 skBuBajieHTHOCTH OysIeBbIX ajredp m Kojer. dro-
OBl 3aBEPIINATH €€ JTOKA3ATEJILCTBO, HAM HYKHO OBLIO IIPOBEPUTH JIBa TOXKJIECTBa B OyJIeBBIX ajrebpax:
aCCOIMATUBHOCTD CHMMETPUYIECKON PA3HOCTH, U JUCTPUOYTUBHOCTH /A OTHOCHTEIHBHO CUMMETPUIECKON
pasHoctu. B GysieBoii airedbpe U3 JAByX JIEMEHTOB 9TH TOXKJIECTBA TPUBUAILHO BBIOIHSIOTCS ([IPOBEPDb-
Te), a B CHJLY IIPEJIBIIAYIIEro yTBEPXKIEeHUs, ITOrO YKe JTOCTATOTHO.

4.3. ApanTuBHAA Mepa KakK MeTpuka Ha OyJyieBoil ajiredpe

Cﬂenyfom,ee olpejiejieHne Mbl y2K€ BBO/IUJIN JIJIdA KOJIbIla MHOI'OI'DaHHUKOB. B sroit JICKIIMN MBbI Tpe6yeM
OT MEPbI B,HO6aBOK KO BCEMY IIpOYEMY HEOTPUIATEJILHOCTHU.

Onpepesienne 4.27. Ilycts A ecrb Gysesa anrebpa, a p : A — [0,00] dyHKIWs, TpuHEMArOIAst
HeoTpHIaTebHble 3HaYeHus] win 00. Takas (yHKIUS HA3bIBAETCsI IMOJIOXKUTEJILHON, KOHEYHO-a/1-
JUTUBHOU Mepoii, ecsn BbinosaeHo (a V b) + u(a A b) = p(a) + u(b).

Ha nporskenwnu stoit jiekiuu, st Oy/ly CUUTATh, ITO BCE MePhl HEOTPUIATEIbHBI U KOHEIHO-a /1~
THUBHBI.

Bameuanne 4.28. [ a Ab = 0 (T0 eCcTb COOTBETCTBYIOIINE MHOXKECTBA He MEPECEKAIOTCSI) UMEEM
w(aVb) = p(a)+p(db). B gactHOCTH, MEpa 00beJMHEH NS JIByX MHOXKECTB He MEHbIIle, 9eM Mepa KarK/0ro

N3 HHUX.

Bameuanne 4.29. 113 31010 cjejyer, 4To (4 MOHOTOHHA [0 OTHOIIEHHUIO K YACTUYIHOMY IIOPSIJIKY: €CJIU
a < b, o p(a) < pu(b) (uposepnre).
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Bameuanue 4.30. Paccmorpum muoxectso I, Bcex a € A ¢ p(a) = 0. Jlerko Bugers, uro 310 Oy1es
unean. B camom neie, p(a V b) 4+ p(a Ab) = p(a) + p(b) = 0 gus a,b € I,. K Tomy xe, jyist moboro
ruac€l, xNa< a, ssaant u(x Aa) < p(a) = 0 B cuily MOHOTOHHOCTH MEDBI II0 OTHOIIEHHIO K
JACTHIHOMY HOPSJIKY.

Teopema 4.31: Ilyctb p — ajgquTuBHAsI, HEOTPUIATEILHAST Mepa Ha Oysesoit anredpe A, a [ p — ugeas
Beex a ¢ p(a) = 0. Oupenesmm orobpaxkenne d @ (A/I,) x (A/I,) — [0,00] dopmymnoit d(a,b) :=
u(aAb), tae /A obo3HavaeT cUMMETPUUIECKYIO pasHocTh. Torma d 3amaer merpuky ua A/ 1, - boutee Toro,
OyseBbl onepanuu A,V U - HEPEPLIBHBI B TOIOJIOTUU, 3aJaHHON TAKOH METPUKON.

HokazareabcTBO: CHMMETPUIHOCTh U PeQJIEKCHBHOCTH METPUKHM OYeBUIHBI. ITOOBI T0KA3aTh
HEPABEHCTBO TPEYTOJIbHUKA, s BOCIOJIB3YIOCh CTPYKTypoil OyneBa kosbia na A/I,, mocrpoennoii B
reopeMe 4.16. Obosnauum 3a +,- onepamuun A u A. 3 onpejenenuss cMMMETPUYECKOR Pa3HOCTH U
ammTuBHOCTH L sicHO, 9T u(x + y) = p(x) + p(y) — 2u(zy) < wp(x) + p(y), 9ro maer HepaBeHCTBO
TPEyTroJIbHIKA

d(a,b) +d(b,c) = pla —b) + u(b—c) = pla — ¢) = d(a,c).

YTob6BI 0Ka3aTh HEIIPEPHIBHOCTD A,V 1 =1, IOCTATOYHO HOKA3aTh HEIPEPBIBHOCTH KOJIBIIEBBIX OMEPAITNi
+, - ocTaJIbHBIE Yepe3 HuX Bbpaxatorcs (Teopema 4.16). HenpepbiBHOCTb + OdeBuaHa, 160 [yist 060
nocsieioBaTeIbHOCTH {1}, cxomsmeiica K x, umeeM d(z; + v,z +y) = p(r; — ) = d(z;, x), 3Ha4uT,
z; +y cxopurest K © + y. OrMmedy, 4T0O 9T0 YaCTHBIN cirydail GoJiee OOIIEro yTBEPAKIEHHsT O METPHKE HA
abeJIeBbIX IPYIIIAX.

Bamaua 4.32. Ilycrs G — abenesa rpynna, a |-| : G — [0, 00] — dyHKIWmst, yosiaersopsitomas |z +y| <
|z| + |y| n | — z| = |z| n nonoxurensuas Bue 0 € G. Torga dopmyna d(z,y) = |z — y|, 3a1aeT METPHUKY
Ha G, upuYeM CJIOXKeHHe U B3siTHe 00PaTHOrO 3JIeMEHTa HEIPEPLIBHO B 9TON MeTpHKe.

Yrobs! jt0Ka3aTh Teopemy 4.31, ocTasiock yOeanuThCs, 9TO yMHOXKeHIe B OyieBoM KoJiblle A Herpe-
peiBHO B Merpuke d(z,y) = u(x + y). Bosbmem nocsenoBarensnocrs {z;}, cxonsniyrocs K z. Torma

d(xzi, zx) = plx(z; — 2)) < d(z, z;) (4.3.1)

B cuty HepaseHCTBa fi(a) > p(ab), KoTopoe cirenyer n3 MoHoToHHOCTH L. U3 paBencrsa (4.3.1) Heme -
JIGHHO CJIEJLYeT, 9TO XZ; CXOJUTCS K 2. W

3aMeanI/Ie 4.33. yCHOBI/Ie AJIUTUBHOCTU MEPbI Ha A3bIKE 6yJIeBbIX KOJICIL ITEpENChbIBACTCA KaK
pu(a+ b+ ab) + pab) = p(a) + p(b)

wn, 1t ab = 0, p(a + b) = p(a) + w(b).

YrBepxkaenue 4.34: [Iycte A — OyJsieBo KOJIbII0, CHaOXKEHHOE HEOTPUIIATEILHOM, aJINTUBHON MepOoit
p, I, — unean Becex a € A ¢ p(a) =0, a AM — nonostenne A/I, mo MeTpuke d, OIPeJIe/IeHHOIl BBIIIIE.
Toraa flu — TOYXKe OYJIEBO KOJIBIIQ.

HoxkazarenbcTBo: [lo onpenesennio, Au — MHOXKECTBO KJIACCOB SKBUBAJIEHTHOCTHU I0CJIEJ0BATE b=
Hocreit Komu. Jlerko BujieTb, 4TO mpou3BeJicHUE, CyMMa IocjeroBaTesbHocTeit Komm cHoBa mocie-
JI0BaTeIbHOCTDL KOIn, U COOTBETBYIOIINE OIEepaIllnd Ha flu VIOBJIETBOPSIOT BCEM TEM XK€ aKCHOMAM,
KOTOPBIM YJIOBJIETBOPSIET KOJIbIO A, 3HAYUT, siBjisieTcss OYJIeBBIM KOJBIOM. AHAJIOTHYHAsT MPOIEyPa
UCIIOJIB3YETCS JIJIst TIOCTPOECHUS TI0JIsI BEIIECTBEHHBIX YMCE/l KAK MHOXKECTBA KJIACCOB 9KBUBAJIEHTHOCTU
ocjiegoBaTeIbHOCTel KoImu pannoHabHBIX duce/T. B
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4.4. o-aaredpbl U 0-aJJUTUBHOCTD

Onpenenenne 4.35. o-anrebpa eCTh KOJIBIIO MOJIMHOYXKECTB, 3aMKHYTO€ OTHOCUTE/ILHO CUETHBIX 00b-
eIMHEeHNIA.

3amevyanue 4.36. D10 CBOHCTBO MOXKHO ChOPMYIUPOBATH W Ha si3bIKe OyJieBBIX ajredp. A mMeHHO,
GysieBa anrebpa (A, X) siBisieTcst o-aarebpoii, ecm y KayKJI0ro CYeTHOTO CeMeHCcTBa 3J1eMeHTOB A ecThb
TOYHAST BEPXHsIsI IPAHD.

YupaxxkHenue 4.37: JlokaxXuTe, YTO 9TU JIBa OIPEIEIEHNST PABHOCUIBHBL.

Onpenenenne 4.38. Ilyctn A C 25 — KOJIBIO HOIMHOXKECTB, a (i — KOHEYHO-a/IMTHBHAS, HEOTPHIIA-
TesibHAs Mepa. Mepa p Ha3blBaeTCsl 0-aAUTUBHOM, WK JKe CIeTHO-aUTUBHOM, eCiIu Jjist JII060ro
nokpeitus |JX; D X muoxkectBa X € A cuernbiM HabopoM MHOXKeCTB, mMeeT MecTo (X)) < > u(X;).

3ameuanue 4.39. Ilycte A — KOJIBIO MTOJMHOXKECTB, CHAOXKEHHOE CUETHO-aInTHBHON Mepoii. Torma
JUIst KaxKJI0ro Habopa Henepecekatonuxcst Muozkects X; € A, umeer mecro u([[ X;) = > pu(X;). B camom
nene, [ [ X; comepxut m060e KoHeuHOE 0O0beuHenne X;, U, B CUJLy MOHOTOHHOCTH MEDBI, YJI0BJI€TBOPSAET
w1 X:) > > ce m(Xi) mns moboro koneunoro (a 3mauuT, n 6ecKoHeYHOro) Habopa uujexcos &. Ao
maer mepasencTBo (][ Xi) = D p(X;) mrst mroboit ajmTuBHOl, HeoTpunarenabHO Mepsl. O6parHOe
HEPABEHCTBO CJIeJlyeT U3 0-aJl[UTUBHOCTH.

Onpeznesenne 4.40. o-anrebpa, mMOpoXkaeHHAsT HAGOPOM moaMHOXkecTB A C 2%, ecTb KOJIbIIO
IIOAMHOZKECTB, ITOPO2KAEHHBIX IIepeCeuYeHuAMU, JOIIOJTHECHUAMN 1 CHECTHBIMU O6'beﬂI/IHeHI/IH1\H/I 9JIEMEHTOB

A.

Bameuanne 4.41. Ecim A € 28" — ajre6pa MHOrorpanHuKoOB, TO HOPOXKICHHAS €l g-aarebpa comep-
JKAT BCE OTKPBITBIE MHOXKeCTBa. UTOOBI yOeIUTbCS B 3TOM, BO3bMEM KAKOE-TO OTKPBITOE MHOXKECTBO
U C R" u npeicraBuM B BHUJE CIETHOIO OObeIMHEHNsT KOMIAKTOB K; (JOKayKUTe, 9TO 9TO BO3MOXK-
HO). Kaxas Touka z € U umeer mapoobpasHyio okpectHOCTh U S z, cojepzaiiyiocst B U; BIUCbIBast
Ky0 B map, Mbl OJyduM nokpbiTue U mMHOTOrpanHukamMu, cojgepxkammmuca B U. Boibupast konedHoe
IOKPBITHE ¥ KaXKJI0r0 K;, MbI [IOJIy9UM CUETHOE MOKPbITHE U MHOMOTpaHHUKAMHU.

Onpenenenue 4.42. Ilycrs M — TonoJiornveckoe nmpocrpaHcTBo. BopesieBckas o-ajirebpa ectb o-
ajirebpa, TOPOXKIEHHAST BCEMU OTKPBITBIMUA MHOKECTBAMU.

3ameuyanue 4.43. Mbl TOJIBKO 9TO JOKA3aJIM, YTO KOJIHI0O MHOTOI'PDAHHUKOB ITOPOXKIAET OOPESIEBCKYO
o-ajrebpy.

YrBepxkaeuue 4.44: Ilycrb fl“ — nonoyiaenne A/I,, nocrpoennoe B yrBepxaenun 4.34. IIpemmoso-

~

»kuM, uro (1) xoneuno. Torna A, siBisercs o-anreGpoii.

HoxkazarenbcTBo: [lycts X1, Xo, ... — cueTHBII HADOD HEIIEPECEKAIOIINXCS JIEMEHTOB fl“. s no-
Ka3aTeJIbCcTBa yTBepxKIaenus 4.44, HaI0 MPOAEMOHCTPUPOBATh, YTO Yy HEIO €CTh TOYHAS BEPXHss IPAHb.
Ecin nocenosarensuocts {Y, := |J; X;} sBasiercs nocnenosaressroctbio Komm, ee npesen u Gy-
JieT Takoil To4HOi BepxHeil rpambio. JleficrBuTensuo, an = d(Yy, ;2 Xi) = D i d(Ynti, Yatit1) @
lim,, a,, = 0 Torma M TOJMBKO TOTA, KOTOa Yy, — IOCIEeI0BATEIHLHOCTE Ko,
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ITockonbky pu(1) xomeuno, psiy Y pu(X;) cxomurcs. Buauutr, a, = p(Ji,, Xi) crpeMurcss K HyIo.
C apyroit croponsl, g k < [, umeeM

d(Yi, V) = > p(X;) < ay
suaunt {Y;} — nocsenosareasrocts Kommu. m

4.5. Iamepumbie MHOYKECTBA

Omnpenenenne 4.45. Ilycrs A C 25 — KoJIbIIO TOIMHOMKECTB S, CHAGKEHHOE CUeTHO-a I THBHOI, HEOT-
punareabHoi Mepoit i, a R C S — Kakoe-To mojaMHO)KecTBO. Mbl roBOpuM, uTo R mMmeer mepy 0, ecin
JUIsi Kaxkioro € > 0, MHOXKeCTBO R MOXKHO HOKDPBITH cUeTHbIM o0beunenneM X; € A, ¢ Y u(X;) < e.

3anaya 4.46. lokaxkurte, 910 cueTHOE 00beMHEHNE MHOXKeCTB Mephl () nmeer mepy 0.

Samaua 4.47. [lycrs S = R™, A — K0JIBII0O MHOMOIPAHHUKOB, a 4 — 00beM MHOTOTpaHHuKa. JlokaxkuTe,
9TO

a. e Jlioboe cuerHoe moaMHOXKeCTBO S nmeer mepy 0.

6. « R"! C R" umeer mepy 0.

Onpenenenue 4.48. Anredpa mamMepuMbIX MHOXKECTB ecTb o-ajrebpa B R™, nmopoxaennas Gope-
JIEBCKUMM MHOXKECTBAMU U MHOKecTBamMu MephI (.

Sameuganne 4.49. MuoxecTBa Mepbl Hy/Ib 00pa3yioT OyseBCKMil ujeas B ajrebpe M3MEPUMbBIX MHO-
JKECTB (JIOKQsKHUTe ITO).

Teopema 4.50: Ilycrs A — anrebpa MHOTOIDAHHUKOB B €/IHITTHOM Kybe, 4 = Vol obbem, a A
nonosinenne A/, mocrpoennoe B yreepxkaennu 4.34. Torna A nzomopduo hakTopy A /1 aﬂre6pm A
U3MEPUMBIX MHOXKECTB 110 UJealy MHOXKECTB MEPhI HYJIb.

HokazarenbcTBOo: 151 nokazaresibera TeopeMbl 4.50, OCTATOYHO IOJIyYUTh KaxKjoe Oopeses-
CKOe MHOXKECTBO KaK IIPeJie)I TocjeoBaTebHocTu Kol MHOIOMPAHHUKOB, 1, HA00OPOT, JI0Ka3aTh, 9TO
mobast rocsieioBarebHOCTh Komm B kosbie A /1), MHOrOrpaHHUKOB 110 MOJLY/IIO BBHIPOZKIEHHBIX MHOI'O-
FPAHHUKOB CXOIUTCH K HOPEJIEBCKOMY MHOYKECTBY.

IITar 1: B cuny 3amevanus 4.43 — COmep:KUT BCE OTKPBITbIE MHOXKeCTBa. KazKI0My OTKPBITOMY
MHOYKeCTBY S € A MOJIOXKUM B COOTBETCTBUE €TI0 TIPEJICTABUTEST B Au- 9T0 3a72€T TOMOMOPMU3M KOJIelT
A— Au- ITockosbKy MomoJHEHIE flu SABJIETCS 0-ajareOpoii, Takoii ToMOMOPMU3M IIPOJIOJIZKAETCS 10

romomopdusma, OyIeBbIX aaredp A /1 2, AM, IIEPEBOJISIIErO TOYHYIO BEPXHIOIO I'PAHD CIETHOTO HAOOpa
IOIMHOKECTB A B TOUHYIO BEPXHIOIO IPaHb HX 00pasoB.

Ilar 2: Tlo nocrpoenmio, na xoibie A, samana o-ammarusnas mepa (X)) := d(z, 0). Onpenemmn
mepy ma A/I dbopmynoit p(X) = pu(y(X)). ECJII/I w((X)) =0, To X ecrb mpejies1 HOCIe0BATEILHOCTH
Komm muororpanankos X; ¢ limu(X;) = 0. Dro suaunt, yro X umeer mepy 0 (cm. mar 8). Mer
HOJLYy IHUJIN, YTO 1) — HHBEKTUBHBII roMOMOPGU3M.

IIlar 3: Y1o6bl J0KA3ATH, YTO ) CIOPLEKTUBEH, OCTAIOCH yOeuuThest, 9T0 A /I IOIHO OTHOCHTENHHO
nocrpoennoii merpuku d(X,Y) := pu(XAY). B camom nese, Au IIOJTHO, W SBJIAETCS IOIOJHEHHEeM
MHOTOTPAHHUKOB, HO BCé MHOTOIPDAHHUKH JIe2KAT B oOpaze .
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ITar 4: Ilycrs {X;} — nocinenosaresnsrocrs Komm GopeseBckux MHOkecTB. IToCKOIbKY Kazkioe
HopeJieBCKOe MHOXKECTBO COJEPZKUTCS B HOIOJIHEHUH MHOTOIPAaHHUKOB, MOXKHO CUHTATh, YTO X; - MHO-
rorpanHuku. Ham Has10 HOCTpOUTEL H0pEIeBCKOe MHOZKECTBO, K KOTOPOMY 9Ta [I0C/Ie0BATe/IbHOCTD Oy 1eT
CXOJUThCH.

IMar 5: Bamennm {X;} Ha mozmocie0BaTebHOCTG TaKyio, 4rTo d(X;, X;) < OTO MOKHO

1
2omin(i,5)
CJIeJIATh 110 OIIPeJIeJIeHIIO TIocIeioBareabaocTeii Komm (nmpoBepbre 910). B 9T0M Cityuae, nosydaem, 4ro
1

d(Xi,XiJrl) < 57+
ITar 6: Torna {Y, = U5, Xi} — nocrenosarensiocrts Komm, skpupaentnas {X;}. B camom
nene, d(X,,Y,) < d(Xn, Xnt1) + d(Xpt1, Xnt2) + ..., noromy uro Y, ecrb obbepunenne X,, u Bcex

jorosiHeHuit X, 441\ Xp4q. 3HAUUT,

00 oo
1 1
d(Xn, Yn) < Zd(Xn+i7Xn+i+1) < Z on—+i - on—1"
i=0 =0

B CHJIY IPEIBIIYIIEro Iara.

IITar 7: Byayum cuyernbpiM oO0begumHEHHEM MHOTOIDAHHUKOB, MHOYXKECTBa Y; OOpeJieBCKue, HO 3TO
[IOCJIEOBATEILHOCTh MOHOTOHHO yOBIBAIOIIMX MHOXKeCTB. TOT 2Ke caMblil apryMeHT, 9TO M BBIIIE, J0-
kaszbiBaer, uro [|Y; ssisiercs upenenom {Y;}. CuerHoe nepecedenne GOpeseBCKUX MHOXKECTB - CHOBA
OOopesIeBCKOe, TIOTOMY 9TO 9TO JIOIOJIHEHHE K CIETHOMY OObEIMHEHUIO JIOMOJHEHUI. Mbl JToKasa m, 910
o-ajrebpa U3MEPUMBIX MHOXKECTB IIOJIHA.

ITTar 8: Tor e caMmblil apryMeHT JIOKa3blBaeT, 4To Ipejes nociaenosareasnoct Komun {X;} muo-
rorpaHHukoB X;, yaossersopsifomux lim p(X;) = 0, umeer mepy nysnb. CHaudana Mbl 3amensiem {X;}
Ha OBICTPO CXOISATIILYIOCS TOCaeA0BaTe/ IbHOCTh Korun, Kak B mare 5, MoTOM Ha MOHOTOHHO YOBIBAIOIILYIO
nocsiesoparensuocts Koum, {Yy, == U, Xi}, ¢

o o
1 1
w(Yn) < pu(Xn) + Z d(Xntir Xntiv1) < Z onticl ~ on-2
=0 i=0

u 1ostydaem, uro npegen (| Y; 3Toil mocienoBaTebHOCTH MOKPBIBAETC MHOXKECTBOM Yy, MPOU3BOJILHO
mastoit Mepsr p(Y,,) < Qn%Q n

Onpegnenenne 4.51. Ha anrebpe A, 1mo mocrpoeHnio 3aJaHa o-aJJUTHBHAsA, HEOTPUIATE/ILHAS Me-

pa. B cuny Bblre jokasaHHOro m3omMopdusMa Mepa ompejieieHa Ha ajredpe M3MEePUMbBIX MHOXKECTB, U
CYETHO-aIJIMTUBHA TaM. DTa Mepa HasblBaeTcs mepoii JleGera.
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