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dd®-lemma

DEFINITION: Let M be a complex manifold, and I : T'TM—TM its complex
structure operator. The twisted differential d¢ := IdI~1 : A*(M)—A*T1(M),
where [ acts on 1-forms as an operator dual to I : TM—TM, and on the rest
of differential forms multiplicatively.

REMARK: Consider the Hodge decomposition of the de Rham differential,
d = 8+0, where 8 : APY(M,)—=APTLa(M, ) and & : APA(M, I)—APTLa(M, T).
Then d = Red and d¢ =Imd. Also, dd¢ = 2+/—1 00.

THEOREM: The following statements are equivalent. 1. [ isintegrable.
2. 82=0. 3. 9°=0. 4. dd° = —d°d 5. dd® = 2/—1 9.

THEOREM: (dd°-lemma) Let n be a form on a compact Kahler manifold,
satisfying one of the following conditions.

(1) n is an exact (p,q)-form.

(2) n is d-exact, d°-closed.

(3) n is O-closed, 9-exact.

(4) n is O-closed, 0-exact.
Then n e imdde.

REMARK: These 4 statements are equivalent on any complex manifold
(Deligne-Griffiths-Morgan-Sullivan; proven by diagram-chasing).
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Bott-Chern cohomology

DEFINITION: Let M be a complex manifold, and HZAL(M) the space of
closed (p,q)-forms modulo dd(AP~14=101).  Then HEL(M) is called the
Bott—Chern cohomology of M.

REMARK: A (p,q)-form n is closed if and only if 9n = dn = 0. Using
2v/—1 80 = dd¢, we could define the Bott—Chern cohomology Hj (M)

* .__ kerdnkerd
as Hp (M) = Tt

REMARK: There are natural (and functorial) maps from the Bott—Chern
cohomology to the Dolbeault cohomology H*(A**M, ) and to the de Rham
cohomology, but no morphisms between the de Rham and the Dolbeault
cohomology.

REMARK: Good things about the Bott-Chern cohomology: there are
functorial maps from Bott-Chern to both Dolbeault and de Rham cohomol-

ogy.

REMARK: On any manifold where dd°-lemma is true, Bott-Chern coho-

mology is equal to Dolbeault and de Rham cohomology.
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Aeppli cohomology

DEFINITION: Let M be a complex manifold, and HY/L(M) the space of
dd‘-closed (p,q)-forms modulo O(AP~14M) + O(AP4=LM). Then HEL(M) is
called the Aeppli cohomology of M.

THEOREM: (A. Aeppli)
Let M be a compact complex n-manifold. Then the Aeppli cohomology is
finite-dimensional. Moreover, the natural pairing

HZL(M) x HY P I(M)—H*"(M) = C,

taking z,y to [j;z Ay is non-degenerate and identifies H;., (M) with the
dual H'\ /" 1(M)*.

REMARK: Math Genealogy knows 3 person called Aeppli: Alfred Aeppli
(ETH Zirich, 1924, student of George Pdlya and Hermann Weyl), Alfred
Aeppli (ETH Zilrich, 1956, student of Beno Eckmann and Heinz Hopf), and
Hans Aeppli (1980, student of Hans Storrer). The second Alfred Aeppli was
the one responsible for Aeppli cohomology.
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Gauduchon metrics

DEFINITION: A Hermitian metric w on a complex n-manifold is called
Gauduchon if dd¢(w"~ 1) = 0.

THEOREM: (P. Gauduchon, 1978) Let M be a compact, complex man-
ifold, and h a Hermitian form. Then there exists a Gauduchon metric
conformally equivalent to A, and it is unique in any given conformal class,
up to a constant multiplier.

REMARK: This is one of very few statements which is valid (and can be
applied) to all compact complex manifolds.

REMARK: This is very useful, because allows to define a degree of a
holomorphic bundle, define stability, and prove a non-Kahler version of
Donaldson-Uhlenbeck-Yau therem.
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The Gauduchon cone

DEFINITION: Let M be a complex manifold, and w a Gauduchon metric.
A Gauduchon form of M is w™ 1.

REMARK: A form is positive (evalues positively on all complex (n—1,n—1)-
spaces) if and only if it is n — 1 power of a Hermitian form. Therefore, the
space of Gauduchon forms is a convex cone in A"~ 1Ln=1()1 R).

DEFINITION: The Gauduchon cone of a compact complex n-manifold is

the set of all classes w™ ™1 ¢ HZEl’”_l(M) of all Gauduchon forms.

DEFINITION: Recall that pseudoeffective cone P C Hé’é(M) is the cone
of all Bott-Chern classes of all positive, closed (1,1)-currents.

THEOREM: (Lamari)
The Gauduchon cone is dual to the pseudoeffective cone.

Proof: Follows from the Hahn-Banach theorem (the proof is given later).
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Currents and generalized functions

DEFINITION: Let F be a Hermitian bundle with connection V, on a Rie-
mannian manifold M with Levi-Civita connection, and

. k
I £l = sup (11 + 1941+ ...+ IV*51)

the corresponding Ck-norm defined on smooth sections with compact sup-
port. The C’k—topology IS independent from the choice of connection
and metrics.

DEFINITION: A deneralized function is a functional on top forms with
compact support, which is continuous in one of C*topologies.

DEFINITION: A k-current is a functional on (dim M — k)-forms with com-
pact support, which is continuous in one of C*topologies.

REMARK: Currents are forms with coefficients in generalized func-
tions.

REMARK: The pairing between forms and currents is denoted as o, 7 —
Jpya A 7. Using this notation, we interpret k& forms on n-manifold as
k-currents, that is, as functionals on n — k-forms.
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Currents on complex manifolds

DEFINITION: The space of currents is equipped with weak topology (a
sequence of currents converges if it converges on all forms with compact sup-
port). The space of currents with this topology is a Montel space (barrelled,
locally convex, all bounded subsets are precompact).

CLAIM: De Rham differential is continuous on currents, and the Poincaré
lemma holds. Hence, the cohomology of currents are the same as coho-
mology of smooth forms.

DEFINITION: On an complex manifold, (p, q)-currents are (p, q)-forms with
coefficients in generalized functions

CLAIM: The Poincaré and Poincaré-Dolbeault-Grothendieck lemmma hold on
(p, q)-currents, and the d- and 0-cohomology are the same as for forms.

REMARK: Integration currents of complex submanifolds (or subvarieties)
are closed (p,p)-currents.

DEFINITION: A cone of positive (1,1)-currents is generated by auAI(u)
where u is a real 1-form and « a measure; equivalently, positive (1,1)-currents

are currents ¢ such that [,; £ A7 > 0 for any positive (n —1,n — 1)-form 7.
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Hahn-Banach theorem

THEOREM: Let V be a locally convex topological vector space, W C V
a closed subspace, and A C V an open, convex subset, not intersecting A.
Then there exists a continuous linear functional £ € V* vanishing on W
and positive on A.

COROLLARY: Let 5 € HZTEI’"_l(M,IR{) be a cohomology class. Then n
cannot be represented by a Gauduchon form if and only if there exists a
(1,1)-current ¢ € D11 which vanishes on dd¢-closed (n — 1,n — 1)-forms
and evaluates positively on positive (n — 1,n — 1)-forms.

Proof: Apply Hahn-Banach to W the space of dd®closed (n—1,n — 1)-forms
and A the space of positive (n—1,n—1)-forms. =

REMARK: The current ¢ is positive, because it evaluates positively on pos-
itive (n — 1,n — 1)-forms. Also, (d¢,u) = (£,du) = 0 for any (2n — 3)-form u,
because the (n — 1,n — 1)-part of a closed form is dd°-closed. Therefore, £ is
closed. This proves Lamari’s theorem.
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An exact sequence in Bott-Chern cohomology

CLAIM: Let 7: Hp~(M)—H2(M) be the tautological map, and Reod the

composition of d and taking the real part. Denote by H;’O(M) the space of
closed holomorphic forms on M. Then the sequence

1.0 1.0 d° 1.1
0—H; (M) ® H; (M)—HY (M) = Hg;(M,R) 5> H*(M) (%)

IS exact.

Proof. Step 1: This sequence is clearly exact in the first term: an exact
holomorphic form is a differential of a global holomorphic function on M, and
all such functions are constant.

Step 2: To prove that it is exact in the second term, let z be a closed 1-form,
and let [z] € Hl(M) be its cohomology class. The cohomology class of d°x
vanishes in Hé’é(M, R) if and only if d°x = dd°f, for some function f € C°°M.
However, dc = dd°f means that = + df is d-closed and d°¢-closed, hence [x]
belongs to the image of H;’O(M) -+ H;’O(M). m
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The Lee-Gauduchon space

DEFINITION: Let W C H2"~1(M,R) be the space of all cohomology classes
o such that [,;a A p =0 for all closed holomorphic forms p € ALO(M,R). We
call W the Lee-Gauduchon space.

REMARK: Since [};du A p= [;w™ 1 Ad°p = 0, the image of the natural
map d°: HZTEl’”_l(M)%HQ”—l(M) belongs to W.

PROPOSITION: Let M be a compact complex n-manifold. Then W =
de(H" V" H (M, R)).

Proof: Dualizing the exact sequence (*), we obtain

H N, R) & B2 (M, R)— H2 1 (M, R) /W —0,

because W is the annihilator of H;’O @H;’O(M) C HY(M,R). m

REMARK: W = 0 on all manifolds for which the dd‘-lemma holds, that
is, on all projective, Moishezon, Kahler, Fujiki class C etc.
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Lee forms and Lee class of a Gauduchon form

DEFINITION: Lee form of a Hermitian metric w is (d°) *w = —25xd°(w™1).
If w= fwy, where w1y is Kahler, the Lee form is dlog f, in particular, for such

w the Lee form is closed.
REMARK: Clearly, the Lee form is d*-closed if and only if w is Gauduchon.

DEFINITION: Let w™ ! be a Gauduchon form. The corresponding Lee-
Gauduchon form is d(w™~1). This form is clearly closed; its Lee-Gauduchon
class is the class of w™ 1 in H2»~1(M,R).

REMARK: Let W C H?"1(M,R) be the space of all cohomology classes «
such that [,;a A p = 0 for all closed holomorphic forms p € ALO(M). Since
i déwW DY Ap= [1;w™ 1 Ad° = 0, all Lee-Gauduchon classes belong to
W.
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The Lee-Gauduchon cone

DEFINITION: The Lee-Gauduchon cone LG(M) Cc W is the set of all
Lee-Gauduchon classes of Gauduchon forms.

CLAIM: The Lee-Gauduchon cone is a convex, open cone in W.

Proof: The set of Lee-Gauduchon forms is open in W, because it is an
image of the Gauduchon cone, which is open in HZEl’"_l(M), and W =

de(H" 2" H (M, R)). =

REMARK: W = 0 on all manifolds for which the dd‘-lemma holds, that
is, on all projective, Moishezon, Kahler, Fujiki class C etc.

DEFINITION: A Bott-Chern class a € Hll;’é(M, R) is called exact pseudo-

effective if its image in H2(M,R) vanishes and it can be represented by a
positive, closed (1,1)-current.
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Exact pseudoeffective Bott-Chern classes

Theorem 1: Let M be a compact complex manifold, and ¢ ¢ HY(M) be
the set of classes p such that d¢(p) € H}B’é(M) is pseudo-effective. Then the
Lee-Gauduchon cone LG(M) c W c H?»~1(M) is the dual cone to C. In
other words, a € LG(M) iff [,;aAp > 0 for any p such that d°p € Hyn(M).

Proof. Step 1: If a € LG(M), then a = d°% "™ 1 which gives [j;a Ap =
[y w™ 1 Adp. For any non-zero positive current, the integral [, w” 1 A dp
(known as ‘“the mass” of the current) is positive.

Step 2: To prove the converse inclusion, we fix v € W and apply the Hahn-
Banach theorem to the closed affine space

V = u + d°(Aeppli exact (n — 1,n — 1)-forms)

and the open cone d°(Gauduchon forms). By Hahn-Banach, these spaces
don't intersect if there exists a positive closed 1-current £ such that d€¢€ is
positive, [£Auw = 0, and [{AdS(w) = 0, for any Aeppli exact (n—1,n—1)-form
w. The condition [j;& A d(w) = — [jyd€ AN w = 0 means that [,;d°¢ A w for
any exact form w, which is equivalent to d“w being closed. A closed, d¢-exact
(1,1)-form is I-invariant, hence also exact. We obtain that a« € LG(M) if
and only if (o,C) > 0. =
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Locally conformally Kahler manifolds

DEFINITION: A complex Hermitian manifold of dimension dim¢ > 1 (M, 1, g,w)
is called locally conformally Kahler (LCK) if there exists a closed 1-form 6
such that dw =60 Aw. The 1-form 6 is called the Lee form.

REMARK: This definition is equivalent to the existence of a Kahler cover
(M,%)—M such that the deck group I acts on (M,&) by holomorphic
homotheties. Indeed, suppose that 6 is exact, df = 6. Then e fw is a
Kahler form. Let M be a covering such that the pullback 8 of 6 is exact,
df = 6 . Then the pullback of & is conformal to a Kihler form et
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Lee-Gauduchon cone on LCK manifolds

REMARK: All known compact LCK manifolds belong to one of three
classes: blow-ups of LCK with potential, blow-ups of Oeljeklaus-Toma
and Kato.

THEOREM: (Ornea-V.)

Let (M,w,0) be an LCK manifold in any of these classes. Then d° is
exact pseudoeffective. In particular, LG(M) # 0 and M does not admit
a balanced metric.

CONJECTURE:
d0 is exact pseudoeffective on all compact LCK manifolds.

This conjecture was the main motivation for the current work.
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Bimeromorphic manifolds

DEFINITION: Let X,Y be complex manifold, and Z C X x Y a closed
subvariety such that the projection pof Z to X and Y is proper and generically
pbijective. Then Z is called a bimeromorphic map, and X and Y are called
bimeromorphic.

THEOREM: (weak factorization theorem)
Any bimeromorphism can be decomposed onto a composition of several
blowups and blowdowns with smooth centers.

REMARK: This immediately implies that bimeromorphic manifolds have
the same fundamental group. Also, the spaces of global holomorphic
forms on bimeromorphic manifolds are naturally isomorphic.

COROLLARY: Let Mq,M> be compact complex n-manifolds which are

bimeromorphic. Then W (M) = W (M), where W C H**~1(M) is the sub-
space defined above.
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The Lee-Gauduchon cone is bimeromorphically invariant

THEOREM: Let M4, M> be compact complex n-manifolds which are bimero-
morphic. Then LG(M;) = LG(M>).

Proof. Step 1: Let and 61,65 classes in HL1(M,) which are identified by
the natural isomorphism H1(M;) = H1(M5). We are going to prove that
01 € C(Mq1) & 0> € C(M>»).

Step 2: The pushforward of a positive current is always positive; pullback of a
current is, in general, not defined. This makes it difficult to identify the pseu-
doeffective cones of bimeromorphic manifolds. However, the 1-currents 6, are
exact on the universal cover M;: 6; = df;, where f; are generalized functions
on M;. If d°0; is positive, fi plurisubharmonic; however, plurisubharmonic
function is always Llloc—integrable, and can be extended over a closed ana-
lytic subset. Therefore, pullback and the pushforward of a plurisubharmonic
function is plurisubharmonic, which implies that f; can be lifted to a graph of
the bimeromorphic correspondence and pushed forward to a plurisubharmonic
function on M>. m
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